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1. Introduction and Summary

Nothing "new" is presented in this document. The Stickel separation theory is treated in Morse &
Feshbach (see References) and elsewhere. It is probably fair to say, however, that the treatments are far
and few between, and the subject is not always presented in a systematic fashion. It is the purpose of this
monograph to provide a simple, complete and systematic presentation without too much technical
baggage. It is assumed only that the reader has some rudimentary knowledge of differential equations.

References to the original papers of Stickel (1891,1893,1897), Robertson (1927) and Eisenhart
(1934) and to a later work of Moon & Spencer (1952) are given at the end.

The subject at hand is separation of the Helmholtz equation (and its special case the Laplace
equation) in various 3D curvilinear coordinate systems whose coordinates we shall call &1,£,,83. The term

"separation" means that one starts with the 3D Helmholtz equation (V? + K1?) y = 0, which is of course a
partial differential equation (PDE), and tries to find solutions of the form

W(€1,62,83) = X1(1)X2(E2)X3(E3)/ R(E1,E2,E3) (1.1)

where an ordinary differential equation (ODE,) can be produced for each of the functions Xy(&y). Thus,
one can search for solutions "separately" for each X;. If the X, are any solutions of their respective
ODE,, then the y shown above is a solution of the Helmholtz equation.

First, this is useful way generically to solve the Helmholtz problem, and second, because boundary
conditions are often specified separately for the three coordinates, this separation (usually) turns at least
one of the ODE,, into its own little 1D boundary value problem. These ODE's always contain self-adjoint
differential operators and are therefore (usually) amenable to normal 1D "Sturm-Liouville theory", a
subject reviewed in Appendix A.

We say "usually" because in some cases the entanglement of the separation constants forces one to
consider 2D or even 3D Sturm-Liouville situations, where the problem cannot be factored into 1D
problems each of which causes quantization of its isolated separation constant. Hopefully this statement
will become clearer below. A classic 3D case occurs in ellipsoidal coordinates as discussed in Section 12,
while a 2D case occurs in conical coordinates. Both these systems involve the Lamé functions.

If the separation can be done as outlined above for a certain orthogonal curvilinear coordinate system
where the function R is not a constant, then one says that the system is R-separable. If this can be done
with R=constant, it is simple-separable and one can then take R = 1 without loss of generality.

It turns out that only the 11 "classical" 3D Euclidean orthogonal coordinate systems are simple
separable for the Helmholtz equation (and therefore also for the Laplace equation). These systems are
discussed in the first chapter (called Section I) of Moon & Spencer (1961). This separability is why they
are the classical systems.

There are no coordinate systems in which the Helmholtz equation (K12#0) is R-separable. Thus, apart
from the 11 classical systems in which it is simple-separable, the Helmholtz equation is non-separable.
For example, in toroidal coordinates (see graphic below) the Helmholtz equation is non-separable. We
shall use toroidal coordinates as an ongoing example in the work below, and the reader should understand
that this system is separable only for the Laplace equation (for which it is in fact R-separable).

When we speak in this document of the Helmholtz equation, we always mean the scalar Helmholtz
equation. Moon and Spencer devote a whole Chapter (their Section V) to the vector Helmholtz equation.
They refer to the vector Laplacian operator as % to avoid confusion with the scalar V2 operator. Beyond



Cartesian coordinates for which the components of the vector Helmholtz equation are each scalar
Helmholtz equations, separability is obtained only for special forms of the vector function F in % F.
Here then is a summary of the classification of the separability of 3D coordinate systems:

R-separable for Laplace only W= X X0XaR Simple-separable for W= X1 X0 X3
(R # constant) (scalar) Helmholtz and Laplace
(R = constant =1 without loss of generality})
M&S list the following 10 "rotational” systems in this category: )
(the 11 classical systems)
:tanggnl-sphere olirwerse pr?late spherqidalal . ﬁi-cylclide i & Cartesian o parabolic o conical
cardiod sinverse oblate spheroidal e flat-ring cyclide « spherical o paraboloidal
® bispherical ® disk cyclide . . .
® toroidal e cap cyclide # circular-cylinder eellipsoidal
o elliptic-cylinder » prolate spheroidal
& G-sphere (inverse Cartesian, not a rotational system)  parabolic-cylinder e oblate spheroidal
o . . Problem A
{no "cylindrical" systems in this category) Problem B
R-separable for Helmholtz W =10 exist
WVector Helmholtz ® some other systems (R # constant)
for special cases onl P
* Cartesian (simple-separable) (see?‘d&s Section v}y (no systems known in this category) oo ¢
roblem

Classification of Separable Coordinate Systems

The red references to Problems A,B,C will be explained in Section 4 below.

The Helmholtz equation is extremely significant because it arises very naturally in problems
involving the heat conduction (diffusion) equation and the wave equation, where the time derivative term
in the PDE is replaced by a constant parameter by applying a Laplace or Fourier time transform to the
PDE. A huge swath of mathematical physics is dominated by these two PDE equation types. One always
needs to solve the Helmholtz equation that results, and that then involves the notion of "separation".
Section 11 provides as an example the Schrodinger Equation PDE of quantum mechanics, which is the
heat conduction equation with scaled imaginary time.

Methods of generating equivalent Stackel matrices are given in Section 6, and Section 13 generalizes
the whole theory to N dimensions.

A brief summary of the document is in order.

Section 2 sets up our "systematic" notation and conventions, and discusses the notion of a functional-
form equation which differs in an operational sense from a normal equation.

Section 3 starts with the Helmholtz equation and grinds away on it, making one functional-form
assumption (3.5) along the way. We define a support function Q, compute it for toroidal coordinates, and
then digress to discuss the notion of separation constants as they appear in Cartesian coordinates.

Section 4 assumes a most-general self-adjoint form for the desired separated L, which defines ODE,
and then inserts this form into the ground-down Helmbholtz equation, thus grinding it down even more to
equation (4.4). Finally one is in a position to introduce the Stackel Matrix ® and with it one can formulate
two potentially solvable problems, called Problem A and Problem B, and one insolvable Problem C.
Problem A (simple-separation) is seen to be a special case of Problem B (R-separation). The problem is to
"find the Stdckel matrix ®" and various supporting functions, and in so doing to "solve" Problem B, and
thus also Problem A. Here "solve" means to achieve separation and thus to have at hand all the ODE,
which can then be solved subject to their boundary conditions. Basically Problems A and B are treated at
the same time, something not done in the referenced books.



Section 5 takes Problem B and, using elementary linear algebra, recasts it into a new form which
appears as certain conditions on the matrix ®. The Robertson Condition appears here.

Section 6 digresses momentarily to derive a set of "equivalence rules" allowing one to obtain new
valid Stickel matrices from an existing valid Stickel matrix. This matrix is thus not unique. We have not
seen these simple rules stated anywhere, but they are doubtless out there somewhere.

Section 7 discusses the solution of Problem B as recast at the end of Section 5. Section 7 (a) specifies
a set of Conditions which must be met for a solution to exist, and Section 7 (b) gives a sequence of Steps
one can follow to find the solution. These Steps are then applied to two examples. The first is a Problem
B problem: R-separation of toroidal coordinates. The second is a Problem A problem: simple-separation
of circular cylindrical coordinates. The examples are just exercises in turning a crank. In each case the
solution functions are stated, these being the toroidal and cylindrical harmonics.

Section 8 attempts to specialize the solution method to a class of cylindrical systems in which the
non-trivial scale factors h; and h, are not multiples of each other. Such systems are uncommon with the
exception of the circular cylindrical system considered in Section 7.

Section 9 first considers cylindrical systems for which h, = ohj, and then sets o = 1 as a further
special case. Most practical cylindrical systems have h; = hz since they come from conformal maps of the
Cartesian system. The Stickel matrix is computed for three cylindrical systems of this type and the 21
such systems considered by Moon and Spencer are mentioned.

Section 10 specializes the Section 7 Conditions and Steps to rotational systems, and again toroidal
coordinates are considered as an example. The 11 such systems listed in Moon and Spencer are
mentioned.

Section 11 considers how separation is affected when some function is rudely added to the constant
in the Helmholtz equation. If this function has a certain simple form, the resulting equation can still be
separated. A prototype of this situation is the Schrodinger Equation of quantum mechanics where that
added function is the potential field imposed on a quantum particle. As an example we mention the notion
of a central potential in spherical coordinates and take a passing glance at the solution of the hydrogen
atom.

Section 12, as a solid exercise of our systematic machinery, carries out the separation of the
Helmholtz equation in ellipsoidal coordinates, the most complicated of the classical systems. Two very
different-looking Stickel matrices are obtained, both of which appear in the literature, and it is shown
they are equivalent by the rules of Section 6. Our notation matches Morse & Feshbach and a sign error in
that book is noted.

Section 13 generalizes the Stickel formalism from 3 to N dimensions, which is quite easy to do,
though carrying out the computational Steps is more complicated for N > 3.

Section 14 examines the Stickel theory for N = 2 dimensions, writes some general results, and then
treats polar and elliptical coordinates as examples for h;#h, and hi=h,. A certain polar coordinates
Helmholtz Green's Function problem is considered to illustrate how the Sturm-Liouville analysis can be
carried out in either coordinate.

Appendix A gives a concise review of the 1D Sturm-Liouville Problem and the transform associated
with such a problem. The Kantorovich-Lebedev transform is presented as an example.

A short list of References is then provided.



2. Notation and Cast of Players

The entire analysis is a study of functional forms and this makes it a bit slippery. By functional form is
meant the way a function of multiple variables depends on those variables in terms of possible
factorization of the form. For example, some u(x,y,z) might be expressible as v(x)w(y,z) and this would
then be the functional form of u. Another sense of functional form is simply what variables a function is a
function of. One might write v(x) simply as v if an expressions get complicated, but one must remember
than that its functional form is v(x).

The symbols &3, &2, &3 (these are "xi", pronounced "zeye", different from { = zeta and y = chi ) are
often used for ellipsoidal coordinates since those coordinates are so closely related to each other. Below
&1, &2, E3 shall represent an arbitrary triplet of orthogonal curvilinear coordinates. The notation Jy, is used
for a partial derivative,

of
a_én = 0f/l0&n = Onf n=1,2,3

along with the following other symbols,

Xn= Zn=13 LHS = left hand side of some equation RHS = right hand side
PDE = partial differential equation ODE = ordinary diff eq

There will be many function symbols used below, and each symbol has an implied functional form.
At first one needs to show the forms in full detail, but eventually one learns to work without doing this.
Here is a triplet of function symbols each having four different notations,

g1(82,83) = 21(23) =@1#F) =g
22(83, &1) = 2231) = g2(#2) = g2
23(81, &2) = 23(12) =g3(#3) = g3

Each row is the forward cyclic permutation of the previous row. Only the notations of the last two
columns are amenable to the generic notation

gn(#n) = gp n=123".
Notice these facts:

0181=0 01(g1F) = g1(0:1F)
angn =0 an(gnF) = gn(anF) .

These follow, for example, since g; is a function only of &; and &3. "Facts" like these will be crucial in the
analysis below. The functions gy are "helper functions" which have no particular significance.
Only one other function symbol set will have this same functional form

Myu(#n) = My, n=123.



The letter M stands for "minor" as in the minor of a 3x3 matrix, but in fact M is really a cofactor. This

confusion seems to go back to Morse and Feshbach who use the word "minor" to mean what is now

usually called a "cofactor". In current terminology cofactorpg = (-1)°*? minorpq where p and q label the

rows and columns of a matrix, as in Apq. To be a little more specific, the My will be the cofactors of the

elements of the first column of a certain 3x3 matrix called the Stidckel matrix @ discussed soon below.
Certain function symbols imply a very simple functional form as follows

fa(&n) = fa(n) = fn n=1273
Xn(&n) = Xa(n) = Xy n=12,3.

The X, are the factors of the y solution shown in the introduction. The f;, functions are just more helper
functions that will be used in the analysis and which appear in the separated ODE equations.

There are several function symbols that are assumed to have in general no factored functional form,
and here they are :

R(&1,62,63) =R(123) =R // the function appearing in (1) above ("modulation factor")
Q(&1,62,83) =Q(123)=Q // a helper function (called u by Morse & Feshbach)
S(€1,82,83) =S(123)=S // the determinant of @ (coming soon)

hn(€1,2,63) =hn(123) =hy, // the curvilinear system scale factors hy? = gnn (metric tensor)

H(C1,62,63) =H(123) =H =hihzhs .

The symbol H is "non standard" but it is convenient to use it as the product of the three curvilinear scale
factors. One might say that all the quantities listed here have a generic (123) functional form. This does
not mean they cannot also have some kind of factored form.

The symbol vy, the Helmholtz equation solution function, has the special functional form noted in
(1.1). That is, one seeks solutions y of this functional form,

W(E1,82,83) = X1(81)X2(E2)X3(E3)/ R(E1,E2,E3)
y(123) = X1(1)X2(2)X3(3)/ R(123)
V= X1X2X3/R

Historically it seems that R was defined "in the denominator of y".
Certain constants shall appear below:

K1? = the parameter appearing in the Helmholtz equation (VZ + K1)y = 0
k22, ks? = two generic constants which will be called "separation constants"

Although K12 and the ky? are written "squared", they are really meant to be arbitrary real numbers, so if
some k;2 < 0 then the corresponding k; is imaginary. The squared notation arises from the way the
Helmholtz equation looks when it derives from a transformed wave equation. It is probably an
unfortunate notation, but we use it to be compatible with Morse and Feshbach.

For equations with three terms where the last two terms are cyclic permutations of the first term, we
sometimes write first term " + cyclic" to save writing obvious extra terms. That is to say,



f(123) + f(231) + f(312) = f(123) +cyclic .
We now come finally to the Stdckel matrix which Morse and Feshbach (and Stéckel) call ®

D11(1) D12(1) Da3(1)
O =| D21(2) D22(2) P23(2) " the Stickel Matrix"
D31(3) D32(3) D33(3)

S = det(®) " the Stickel Determinant”

A key fact to recognize is that the three functions of row n are functions only of &, , as indicated by the
notation

Opp(n) = Opm(En) ,

so the first index of ® matches the argument. The cofactors of the elements of the first column of the ®
matrix are these,

Mg = cof(@n1) = (-1)™** minor(®y1) .
For example,

D15(1) P13(1
Mz = (-1)*** minor(®g;) = — ®22E3; (D;ZE:;; = —[@12(&1) P33(E3) — P13(E1) P32(E3)] -

Notice that M, has the functional form My(#2) = M2(£1,83), and in general My = Mp(#n), as it was
presented earlier in this section. Sometimes the following notations are used

Mn(®)  S(®)

to stress that these quantities are functions of the Stackel matrix elements.

This @ matrix is named after German mathematician Paul Stackel (shtay'kel), 1962-1919.

Our symbols match exactly those of Morse and Feshbach except for Q which they call u, and except
for our added symbol H for hihshs. Our symbols match Moon and Spencer except they use U™(up) in
place of our Xy(&p).

Morse and Feshbach address this 3D separation subject in two places in their first volume: simple
separation is treated pp 508-511, while R-separation is treated pp 518-519. They do not use the term "R-
separation” and call the R function a "modulation factor".

Moon and Spencer discuss simple separation on pp 5-7, and R-separation on p 96. They provide more
detail in some of their other books and papers.

One last notational item: when an already-numbered equation is later replicated for the reader's
convenience, the equation number in the replicated line is put into italics to show that this is not the first
occurrence of the equation.



3. Initial Processing of the Helmholtz Equation

We are going to treat R-separation and simple separation at the same time, and branch off later into the
two cases. Remember that simple separation just means R = 1. In orthogonal curvilinear coordinates,
using our notation as defined above, the Helmholtz equation can be written (see e.g. Morse and Feshbach
p 115)

Ly = (VK Yy =0 £ =(V*+K;1?) = the Helmholtz operator
Ly =H{ 61[(H/h1?)(81y)] + cyclic} + K12y =0 H =hihzhs
B‘V = H_l z:n an[(H/hnz)(an\V)] + K12\|f =0 (31)

where sometimes the + cyclic notation is more useful for observing functional forms. We seek a solution
of this functional form

v =X1X2X3/R (3.2)
where the four functions X, and R are as yet unknown. Inserting this y form into (3.1) gives

Ly =H*{ 01[(H/h1*)(01{ X1X2X3/R })] + cyclic} +Ki?y =0

Ly =H1{ X;X301[(H/Mh1?) 61{ X2/R }] + cyclic} + K12y =0 . (3.3)

Here one sees how the implicit functional forms come into play, as the factors X3X3 quietly slip to the
left through both 0, operators. The following is then inserted into (3.3)

01(X1/R) = 01(R™*X1) = R™10:X1 - R™>X10:R =R7?{ (8:X1)R - X1(61R) }
to get

Ly =H{ X5X301[ (H/[R*h1*]){ (81X1)R - X1(61R) } ]+ cyclic} + K12y =0. (3.4)

In order to move toward a "separated form" wherein the terms above are less coordinate-entangled, we
shall attempt to select function R so the following equation is satisfied in terms of functional form
(comments below),

(H/[R*hs?]) = fa(n)ga(#n) n=123 (3.5)
(H/[R?h12]) = f1(1)g1(23) // for example

because, if one inserts this into (3.4), one can pull g1(23) to the left through J; to get
H™*{ X3X30:1[ f1(1)g1(23) { (61X1)R - X1(61R) } 1+ cyclichy + Ki%y =0

H™ M { X5X5 g101[ f1 { (01X1)R - X1(61R) } 1+ cyclic}y + K1y =0



and, recalling that v = X3 X5 X3/R from (3.2), one can then divide by y to get

(Ly)y = (R/H){(1/X1) g101[f1 { (01X1)R - X1(61R) }] + cyclic} + K12 =0

(Ly)y = (R/H) Zal(ga/Xn) Galfa { R(@aXn) - Xa(@aR) }] +Ka® =0 .
Now using (3.5) to replace g, in favor of f;,, our processed Helmholtz equation appears as

(Ly)y = (1/R) Za[ (1/[ha*Xn]) (1/£)@n[fa { R(GaXan) - Xa(@aR) }] +K1® =0 3.6)
It is not obvious from the discussion above that having (3.5) be true is the only possible pathway to
finding a separated solution, though probably that can be proven. It will be shown that this (3.5) pathway

does in fact lead to separated solutions.

For a coordinate system which satisfies (3.5), where one has found the f, , g, and R, one can write V2 in
an alternate form. In (3.1) V2 is given in terms of the scale factors hy,

VZ=H" %, 0a[(H/ho?) 0] .
From (3.5) one can replace (H/hg?) = fu(n)ga(#n)R? to get
V2 =H™ Zn Oa[fa(n)ga(#n)R*0n | =H™" In ga(#n)da[fa(n) R*Cn |
=H™? 2, (H/[ha*R?]) (1/fn) 6a[fa R?6n ]
=%n (1/[ha*R?]) (1/fy) 6a[fa R%0n ] . (3.7)
Then in the special case that R = 1, one has
V2= 3, (1/hg?) (1/£) 8a[fadn ] (3.7a)
showing V2 in terms of the f, and the scale factors h,. In either case £ = V3+ K42
Comments on (3.5) and example of toroidal coordinates
Conditions (3.5) above,
(H/[R*hs]) = fa(n)ga(#n) n=123 (3.5
require that the LHS factor in a certain specific manner. One can certainly find an R(123) that works for

the first equation with n=1: one could just select two arbitrary functions f;(1) and g;(23) and then define
R by

10



[R(123) 172 = f1(1)g1(23) (H/hs?) .

But if this is done, it is unlikely that (3.5) will be viable for n=2 and 3! So one has to assume one can find
a set of 7 functions (three f;, three g, and one R) which make (3.5) valid. Any curvilinear system for
which one cannot find a happy set of 7 functions is therefore not separable. So one views (3.5) as a
restriction or condition on the curvilinear coordinate system which must be met to obtain any separation.
We do not address the question of whether there might be some other possible separation solution where
(3.5) is not assumed.

Example. Since this is perhaps a confusing concept, consider the toroidal coordinate system as an
example. The Moon and Spencer page 112 notation is used, where 1 labels toroids, 8 labels bowls,
labels azimuthal half planes, a is the radius of the limiting toroid, and then (&1,62,&3) = (1,0,y). In this
system the basic parameters come out being

R? = [ch(&y)-cos(&2)]
h1 =hy = a/[ch(&1)-cos(E2)] => hy = h, = aR?
h3 = a sh(&1)/[ch(&1)-cos(&2)] > hy=ash(&)R?.

As a candidate for R one tries R = & and finds then that

(H/h1?) = hohs/hy = hs = a sh(&1)/[ch(E1)-cos(E2)]
(H/hy2) = hsha/hy = hs = a sh(Ex)/[ch(Er)-cos(E2)]
(H/h3?) = hiha/hy = a®/[ch(€1)-cos(€2)]? * [ch(E1)-cos(&2)] /a sh(Er) = a/{[ch(&1)-cos(&2)] sh(Er)}

Can a set of 6 functions f, and g, be found which satisfy (3.5) ?
fa(1)ga(23) = (1/R?) (H/hg?) = [ch(&1)-cos(E2)] (H/hy?) forn=12,3
The answer is yes:

f1(1)g1(23) = [ch(&1)-cos(S2)] a sh(C1)/[ch(E1)-cos(E2)] =ash(C1) = [sh(C1)][a]
f2(2)g2(31) = [ch(&1)-cos(E2)] a sh(C1)/[ch(E1)-cos(E2)] =ash(Cr) = [1][ash(&) ]
f3(3)g3(12) = [ch(&1)-cos(S2)] a/{[ch(C1)-cos(C2)] sh(&a)} =a/sh(C1) = [a][l/sh(C1)] .

Thus, with this candidate R, a solution set for the 6 functions has been found:

f1(1) = sh(&1) g1(23)=a R=% = [ch(¢)-cos(é2)] 2
f(2) =1 g2(31) = ash(&)
f33)=a g3(12) = 1/sh(&) .

Therefore, the toroidal system at least has a chance of being R-separable. It is in fact R-separable (for
Laplace), but we don't know that yet since there might be other restrictions that will need checking.
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Had one tried R = 1 in the above toroidal discussion, the problem would have been to find 6 functions f,
and g, which satisfy (3.5). The n=1 condition would read,

f1(1)g1(23) = (H/h1?) =ash(E)/[ch(Er)-cos(E2)]

The only chance is to select f3(1) = a sh(&;) but then one is stuck with g1(23) = 1/[ch(&1)-cos(&2)] which
involves coordinate &; which violates the functional form g;(23)! Therefore the toroidal system is not
simple-separable!

The Definition of Q
Processing of the Helmholtz equation now resumes where it left off, which was here

(Ly)Ay = (1/R) Zal (1/[ha?Xa]) (1/£2)0alfn { R(GaXa) - Xa(@aR) }] +Ka2 =0 (3.6)
where (3.5) has been assumed. Note that there is serious variable entanglement in each term of the sum,

since R = R(123) and hp,= h,(123).
To further process (3.6), compute the 0y derivatives,

On[R fa(0nXn)] = On[R{fa(0nXn)}] = ROn{fa(0nXn)} + (CnR) {fa(OnXn)}
On[fnXn(0nR)] = On[Xn{fa(6aR)}] = XnOn{fa(OnR)} + (O9nXn) {fa(GnR)}

Therefore, for the quantity appearing in (3.6),

On[fa { R(0nXn) - Xn(0nR) })] = ROn{fa(0nXn)} — XaOn{fa(daR)}
since the two second terms cancel. Then (3.6) for (Ly)/v becomes

(1/R) Za (1/[ha*Xafa]) [ROn {fa(0aXn)} — Xada {fa(@aR)}] +Ka?* =0

(1/R) Za[ (1/[hn*Xnfa]) [ROa{fa(@nXa)}] = (1/R) Za[ (1/[ha*Xafa]) [Xaln{fa(@aR)}] +Kai? =0
) (Ly)y =Za[ (1/[hn*Xafa]) [Oa{fa(@aXn)}] —Zal (1/[ha’Rfa]) [0a{fa(@aR)}] +Ki? =0.  (3.8)
Notice that the X;, part is segregated from the R part. Since a viable set of functions f, and R has already
been determined from (3.5), the second term sum shown in (3.8) can be computed. It is going to be some
general function of 123 which we now write in a fairly strange manner,

2n (/[ha®faR]) On{fa(GaR)} =-k1?/Q(123) . (3.9)
Here, it is the RHS which is fully determined by the LHS and we choose to partition the RHS into two

factors, a constant -k, (Moon and Spencer call this constant -a1) and 1/Q(123) (Morse and Feshbach call
this 1/u). Remember that the Helmholtz parameter is K1® and has nothing to do with this new constant
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ki1? just introduced. In theory, ki? can be any constant, but one usually chooses it to make the resulting
Q(123) have some simple form. The reason for calling this constant k1% will be seen later.

For the simple separation case with R = 1, we will choose Q(123) = 1 and k1% = 0 in (3.9), which of
course makes it still valid since (GyR) = 0.

Equations (3.8,9) appears as (5.1.46,47) in Morse and Feshbach p 519, with Q— u.

Example: Compute Q for the toroidal system using (3.9)

Start with the numerators in (3.9). First,

(61R) = B1[ch(E1)-cos(E2)] Y2 = (-1/2)sh(&1) [ch(Er)-cos(€2)]>/? = (-1/2)sh(é1) R?
(82R) = dz[ch(&1)-cos(E2)] 2 = (-1/2)sin(E2) [ch(&1)-cos(E2)] /% = (-1/2)sin(&;) R?
(0sR) = 0 => entire third term in the sum is 0, so ignore it from now on

The following tedious algebra must then be done:

[01{f1(01R)}] = [01{ sh(&1) * (-1/2)sh(&1) R*}] = (-1/2) 01[sh?(E1)R?]
= (-1/2) [ 2sh(&1)ch(&1) R® + sh?(E1)3R%*(81R) ]
= (-1/2) [ 2sh(¢1)ch(&) R + sh?(£1)3R*(-1/2)sh(€1) R? ]
= (-1/2) [ 2sh(é1)ch(é1) R* —sh*(€1)(3/2)R® ]
= (-1/4)sh(£1)R® [ 4ch(&1) R™? —3sh?(&y) ]
= (-1/4)sh(£1)R® [ 4ch(&y) [ch(E)-cos(&2)] — 3sh?(E1) ]
= (-1/4)sh(&1)R® [ 4ch?(&;) - 4 ch(&y) cos(&2)] — 3sh?(é1) ]
= (-1/4)sh(£1)R® [ 3 + ch®(&1) - 4 ch(&1) cos(é2)]

[02{f2(02R)}] =[02{1 *(02R)}] = 02[(-1/2) sin(E2) R
= (-1/2)[ cos(&2)R> + sin(E2)3R? (82R) ]
= (-1/2)[ cos(&2)R> + sin(&2)3R? (-1/2)sin(E2) R? ]
= (-1/2)[ cos(&2)R> — sin®(£2)(3/2)R> ]
= (-1/2) R® [ cos(&2)R ™2 — sin®(&2)(3/2)]
= (-1/4) R® [ 2co0s(€2) [ch(&1)-cos(E2)] — 3sin?(E2)]
= (-1/4) R® [ 2cos(&2) ch(&1)-2c0s%(E2) — 3sin?(E2)]
= (-1/4) R® [ 2cos(&;) ch(&) - 2 - sin®(&2)]

which can be summarized as

[01{f2(01R)}] = (-1/4) R® [ 3 + ch*(&1) - 4 ch(&1) cos(E2)] sh(&1)
[02{f2(92R)}] = (-1/4) R® [ 2c08(&2) ch(&a) - 2 - sin(E2)] -

The denominator factors of the Q expression are these,

hy?f;R = a?R* sh(€1) R = a2 sh(&;) R®
hy?fR=aR*1R= a?R® .
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Now the LHS of (3.9) can be evaluated:
Za (1/[ha*faR]) [Cn {fa(GaR)}] =

[a? sh(&2) R®]™ *  (-1/4)sh(E2)R® [ 3 + ch?(&1) - 4 ch(Ea) cos(Es)]
+ [R5 (-1/4) R® [ 2c08(E2) ch(&a) - 2 - sin(€2)]

= (-1/4a%) [ 3 + ch?(&1) - 4 ch(&y) cos(&2)] + (-1/4a®) [ 2cos(Ez) ch(éy) - 2 - sin®(&2)]
= (-1/4a%) [3 + ch*(&1) - 4 ch(&1) cos(E2)+ 2c05(&2) ch(&a) - 2 - sin(§2) ]

= (-1/4a®) [1 + ch?(&1) - 4 ch(&1) cos(E2)+ 2cos(E2) ch(&y) - sin?(&2) ]

= (-1/4a%) [cos?(&2) + ch?(&1) - 2 ch(E1) cos(E2)]

= (-1/4a%) [ch(E1)-cos(E2)]* = (-1/4a®) R™* .

Therefore (3.9) says

k1%/Q(123) = Z (1/[ha®faR]) [Ga{fa(@aR)}] = (-1/4a%) R™* = (-1/4) / {a®R*}
so one can make this simple partitioning

ki?= a1 =(1/4) Q =a’R* = a?[ch(&y)-cos(&2)]
which agrees with Moon and Spencer page 97.

So after this brute force sum computation, Q comes out being a very simple function. The toroidal
information found so far can now be summarized :

hy = hy = a/[ch(&1)-cos(&2)] =>  hy =hy =aR? H = sh(¢1)a’R®
h3 = a sh(&y)/[ch(&1)-cos(&2)] =>  hs=ash(&)R?

f1(1) = sh(&y) g1(23)=a R = [ch(&1)-cos(&2)] /2

f2(2) = 1 g2(31) =a sh(&y) Q = a’[ch(&1)-cos(&2)] = a®R*
f33)=a g3(12) = 1/ sh(&y) k1% = (1/4)

Finish Processing
So here is where things stood prior to the above example :

L)y =] (/[ha*Xafa]) [On{fa(@nXa)}] = Zal (1/[ha’REa]) [0a{fa(@aR)}] + Ka? =0 (38)

2n (1/[hafaR]) Oa{fa(0aR)} =-ki?/Q . (3.9
Therefore,
(LYY = Za(1/[ha®Xa]) (1/f2)0a[fa(BaXn)] +k12/Q +Ki% =0 . (3.10)

14



For later reference, notice in (3.10) the position of the two copies of function f,. Equation (3.10) is not
separated because h,= hy(123) and Q = Q(123). At least in the simple separation case the Q term goes
away, since as noted above klz =0and Q=1.

This concludes the "initial processing of the Helmholtz equation". The PDE (3.10) essentially is the
Helmholtz equation Ly = (V2+K1%)y = 0 where various assumptions have been made: the form y =
X1X2X3/R, equation (3.5), and the definition of Q and ki? from (3.9). At this point, then, for a given
curvilinear coordinate system, we know all these items in full detail:

Ki* ha(123) H(123) R(123) fa(n) ga(#n) Q(123) ki
Comment on separation in Cartesian coordinates
Cartesian coordinates have h, = 1 and so f, = 1, R=1, Q=1, klz =0 and (3.10) reads

T (1/X5) (6aXn) + K12 =0 (3.11)
or
(1/X1) (812X1) + (1/X3) (82°X2) + (1/X3) (632X3) + K12 =0 . (3.11a)

If one were to fix &; and &3 and vary just &;, one would conclude that (1/X7) (812X1) 1S a constant, since
the other three terms in (3.11a) are then constant. By this argument, one is led to claim that

(1/X1) (01*X1) = c1
(1/X2) (02°X2) =z
(1/X3) (83°X3) = c3 (3.12)

and then (3.11a) says c1 tcp teg =K . (3.13)

One can then regard any two of the c; as free parameters, say ci and cz, then the third is not free and is
constrained to be ¢3 = K12 - ¢1- ¢2. The two free parameters are called separation constants.

This is the simple way separation works in Cartesian coordinates, and it works this way because each
term in the sum (3.11) is completely "detangled" from the other two terms in the sense that the first term
does not involve variables &, and &3 whatsoever. In general curvilinear coordinates, there will still be two

separation constants, which will be called k2 and k32, but the simple arrangement shown in (3.12) does
not obtain, and both the free parameters will (in the general case) appear in each of the three separated
equations! As shown below, in curvilinear coordinates the separated equations end up having this form

(1/£X0)0a[fa(@aXn)] + [ K1®@n1(En) + ko®@na(En) + k3’ Pn3(En)] = 0 n=12,3

where the ®n3(&n) are a set of nine functions which can in principle all be different (and they are all
different in ellipsoidal coordinates, for example, see Section 12). Here the two separation constants ko?
and k3% appear in each of the three separated equations as advertised, and they cannot be simply extracted
as in (3.12). Nevertheless, they are free parameters and are still called separation constants. That is to say,
all three equations above will be valid for any values of ko2 and k32
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4. Starting from the other end: The Stickel Matrix @ and a Formulation of the Problem

The goal is to find differential operators Ly in terms of which (3.10) can be separated. The most general
second-order linear Ly, can be written this way, where pn, 1, and gy are real functions,

LnXa = (1/pn)0n[pn(0nXn)] + I (OnXn) T qnXa =0 . 4.1

For several reasons, one wants Ly to be formally self-adjoint, L=L*. If (f,g) is the scalar product for the
space of functions upon which L, acts, L=L* means that (u,Lv) = (Lu,v), where one ignores the
contributions of the "parts" terms as L is swung from one side to the other in the integration which this
scalar product represents. Since L = rp0nXn => L* = - rp,0n Xy, one must have rp,= 0 so then

LoXn = (1/pn)0n[pn(0aXn)] + qnXn =0 . (4.1A)

If one takes r, # 0, the process given below leads to an intractable set of equations which it is not hard to
show 1is insolvable. Secondly, L, being self-adjoint is essential to the application of Sturm-Liouville
theory to the separated equations.

Looking now at (3.10),
('B‘V)/\V = z"n(l/[hann]) (l/fn)an[fn(aan)] + klz/Q + I<12 =0, (310)

one is highly motivated to set p, = f;, in (4.1A) and then the candidate form for Ly, is

LnXn = (1/12)0n[fa(0nXn)] + quXn =0 4.2)
which says
(1/Xn)(1/£2)0n[fa(0nXn)] = - n - 4.3)

Inserting (4.3) into (3.10),
LYy = -Zo(1/hyd)an +ki%/Q +Ki2 =0 . (4.4)

This then is the final form of the processed Helmholtz equation, assuming that X, satisfies the equation
4.2).

Introduction of the Stickel Matrix
Now comes a fairly inspired and unexpected step in the development. Suppose one chooses to write the
dn(n) function of (4.2) in this manner, which is to say, the unknown function qn(n) is simply written as a

linear combination of three other unknown functions,

qn(n) = [ k12@n1(n) + ko®Ppa(n) + k32Dp3(n)] n=123 4.5)
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where Klz, k22 and k32 are at the moment three arbitrary real constants, and the ®pp(n) are the 9 functions
of what is called the Stickel matrix mentioned in Section 2 above,

®11(1) D12(1) DP13(1)
o =

D21(2) D22(2) DP23(2) S(®) = det(D) (4.6)
®31(3) ©32(3) D33(3)
Mn(®) = cof(@p1) = (-1)™** minor(Pny) . 4.7)

With (4.5) used in (4.2), the assumed form for L, becomes

LnXa = (1/fa)@a[fa(@aXn)] + [ K1°@n1(n) + ko*@na(n) + k3*Pn3(n)]Xn =0 (4.8)
and the processed Helmholtz equation (4.4) becomes

QLYY = - Zn(Q/hn?) [ k1°®n1(n) + k2*Paa(n) + ks’ @na(n)] +ki® + QK12 =0 . (4.9)

This then is the form the processed Helmholtz equation takes if one expands the qn of (4.4) as shown in
(4.5). The goal is to find a set of functions ®py, which makes (4.9) be true. It is not obvious that such a set
of Opy, exists. The sum is still entangled due to hy(123) and Q(123).

Formulation of separation Problems A, B and C

Problem A: (simple separation of the Helmholtz equation).

In this case R =1, so Q = 1 and k1* = 0 in (4.9), and set k1% = K12 in both (4.8) and (4.9) to get
LoXa = (1/fa)80[fa(@aXn)] + [ K1*@q1(n) + ka2’ @na(n) + k3®@n3(n)]Xa =0 (4.8A)
(Ly)ly = - Zn(1/hg?) [ K1 ®Pna(n) + ko *pa(n) + k3’ @nz(n)] +Ka? =0 . (4.9A)

Problem B: (R-separation of the Laplace Equation).

In this case K12 = 0 in (4.9), and set k1% = k12 in both (4.8) and (4.9) to get

LnXn = (1/f2)8a[fa(@aXa)] + [ k1 @n1(n) + ka?@nz(n) + ks*@a3(n)]Xn =0 (4.8B)

Q(LoY)Y =- Za(Q/hn?) [ka*@n1(n) + kz*Pnz(n) + ks’ @as(n)] +ki? =0 (4.9B)
where £, = V2 is the Laplace operator.

Comparing the A and B equations, one sees that Problem A is a special case of Problem B having Q =
1 and ki® = K2 Below in the systematic solution of Problem B, we may apply any intermediate

equation of that solution to Problem A by making these two substitutions (and R=1). This explains why
we (and Morse and Feshbach) gave the constant in (3.9) the strange name k1.
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One now treats Problem B as an abstract mathematical problem. That mathematical problem is to find
a set of 9 functions ®py, and 3 functions f;, that makes (4.8B) and (4.9B) be consistent.

The method used for solving this problem is straightforward, the details appear in the next section.
One requires that the coefficient of each k; 2 in (4.9B) vanish, since the equation should be true for all real
values of the three k;? parameters. One then writes (4.9B) as a vector equation ® V = W where Vy, =
(Q/hn)2 and Wp= 0y, 1. This equation is inverted to obtain a simple expression for the cofactors My, of the
elements of the first column of ®. From these cofactors one can (hopefully) deduce the 6 components of
the rightmost two columns of ®. We postulate a second condition as an ansatz (the Robertson Condition),
and this condition then leads (potentially) to an evaluation of the elements of the first column of ®. One
then has all of ®! The functions f, are determined from (3.5). If this program can be completed
successfully, the separated L, are obtained, and the Robertson ansatz is justified. The solution will be
summarized as a sequence of Steps that one must execute one at a time. A list of Conditions is first stated
which, if met, ensure that the Steps can be carried out.

Problem C: (R-separation of the Helmholtz Equation with Klz £0).

Here one has the full bore (4.9) to contend with
- Za(Q/ha’) [ K2*@aa(n) + ka*@nz(n) + ka*@pa(n)] +ka* +QKa? =0. (4.9C)

Remember that Q = Q(123) is (in general) a function of all three coordinates. It is not clear how to
decouple that last two terms in this equation. What should «12 be set to? The method just outlined above
for solving Problem B does not work for Problem C. Moon and Spencer state (p 96, 1961) that no
curvilinear system has ever been found in which the Helmholtz equation with K% # 0 separates via R-
separation (by which they mean with R # constant). So having at least stated it, we shall give up on
Problem C and continue now to solve Problem B.
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5. Recasting Problem B into a new form

Equations (4.9B) and (4.8B) are replicated here with new equations numbers,
- Za(Q/ha®) [ka*Paa(n) + ka* Caa(n) + ks @as(m)] +ka* =0 (5.1)
LoXa = (1/£2)0a[fa(0aXa)] + [ k1’ @a1(n) + k2?@nz(n) + k3’ ®as(m)]Xa=0 . (5.2)

If one can find the 3 functions f, appearing in (5.2) and the 9 functions ®py of the Stickel matrix that
solve (5.1), then (5.2) gives the separated ODE for functions X,. The plan is to find a solution of (5.1)
which is valid for all three ky> constants having arbitrary (complex in fact) values. Such a solution
requires that the coefficients of each ky? be set to 0 so that

z:n (Q/hnz) (Dnl(n) =1
Za (Q/hy®) @nz(n) =0
Z:n(Q/hnz) (Dn3(n) = O .

To put this into a standard vector equation form, use [®” Jgn(n) = ®gg (n) so that

Y, @T1(n) (Q/hg?) =1
2n (DTZn(n) (Q/hnz) =0
¥n @ 3n(n) (Q/hg?) =0

and the vector equation is then
OTV=W where (5.3)
Q/h,? 1 O11(1) P12(1) P13(1)
V= Qhy? w=|0 O =| D21(2) D22(2) D23(2) S = det(D) .
Q/h3? 0 ®31(3) P32(3) D33(3)
This equation can easily be solved for V using the rule that A™* = cof(AT)/det(A) :
V = { cof(®T'T)/det(DT)} W = cof(®) W /det(D) = (1/ S(P)) cof(®) W .
In components
Va =(1/S(®)) [cof(P)]nm Wn = (1/S(P)) [cOf(Prm)] Om,2= (1/S(D)) [cof(Pn1)] . (5.4)
Following tradition, define My, according to

Mj, = cof(®yn1) = the cofactor of the first element in the n®® row of @ (5.5)

and insert this on the right of (5.4) and Vy = (Q /h,?) on the left, giving the Cofactor Conditions,
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My/S = (Q /hy?) . (5.6)
Alternatively, write (5.6) as
Ma(®)/S(®) = (Q/hy?) n=1,2,3 " Cofactor conditions" (5.6a)

and this emphasizes that there are 3 conditions that the @ matrix must satisfy for a given coordinate
system with scale factors h,. Notice that these conditions arise from the assumed form for Ly in (5.2),
they are not "imposed". The reason that cofactors appear in (5.6) is because one had to invert the matrix
®” and matrix inversion always gives rise to cofactors. Since W was the unit vector e, only the cofactors

of the first column of ® play a role.

If the three cofactor conditions are satisfied by some matrix @, then equation (5.1) is satisfied. But
equation (5.1) is the "ground down" Helmholtz equation, so this provides a solution to the initial problem.
Moreover, equation (5.2) then gives the L, operators such that L,X, = 0 from which the X, may be
determined.

[Repeated Warning: Morse and Feshbach use cofactor My, exactly as described above, but unfortunately
they refer to My, as a "minor", and they never use the word "cofactor". In modern parlance, cofactors are
minors with signs added, which make a lot of difference. |

The next step is to impose an extra condition on the ® matrix known as the Robertson Condition. This is
done just as an ansatz to see if it helps find a solution. The requirement is that S = det(®) take this form,

S(®) =H/ (f1f2f3QR2) . "Robertson condition" (5.7

It is not obvious that, for a given coordinate system, one can even find a matrix ® which satisfies the
Cofactor and Robertson conditions, but we shall try to construct a solution ®. Combining (5.6) and (5.7)
gives

Mp = (SQ/hy%) = (H/hp?) /(f2f2f3R?) . (5.8)

The Robertson condition causes the solution My, to be expressed directly in terms of known quantities. If
a full solution matrix ® can be found, then this Robertson condition is retroactively justified. Using (3.5)
which says (H/hn?) = fagn R2, (5.8) can be written in an alternate form

My = gnfn/(f1f21f3) (5.82)
or

Mz = g1 /(f213)

M, = g, /(f3f1)

M3 = g3 /(faf2) . (5.8b)

These are the three cofactors of the elements of the first column of ®. Notice there are no factors of R or
Q in (5.8b). This was the motivation for installing the Q and R factors in the Robertson condition as done
above in (5.7).
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It remains to find the elements of the first column of ®. They appear in this standard expansion of the
determinant of @,

S=®11(1) My + ®21(2) Mz + ®3:(3) M3 . (5.9)
Install now S from (5.7) and the My, from (5.8) to get
[ H/ (f1f2f3QR?)] = @11(1) (H/hy?) (f1f2f3R?) + D21(2) (H/ho?) (f1f2f3R?) + @31(3) (H/hs?) /(fif2f3R?)

or
1/Q = ®11(1) (1/h1®) + @21(2) (1/h2%) + @31(3) (1/h3?) . (5.10)

This is a non-trivial functional-form equation that may or may not have solutions for the ®1(n).

One is now left with this problem: Given

S(®) =H/ (f1f2f3QR?) // Robertson
Mg(®) = S(®) (Q/hs?) // Cofactor (5.11)

how exactly does one find the 9 elements of @ ? This is Problem B restated in a simple form. If one can
solve for the elements of matrix @, then the Robertson condition is justified because it led to a solution of
equation (5.1).

Having thus reformulated the problem of finding a separable solution to the Helmholtz equation as a
problem of finding the matrix @ solving (5.11), we put our development in temporary stasis to discuss the
non-uniqueness of the Stéckel matrix ®. The development then resumes in Section 7.
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6. The non-uniqueness of Stickel matrix @: Equivalence Operations

Suppose one has successfully found a solution for @ satisfying (5.11). Write it as

a(l) b(l) (1)
D =[ d(2) e(2) f(2) ] S = det(®) .
g(3) h@3) i(3)

The cofactors of the elements of the first column are given by

M.1(23) = e(2)i(3)-f(2)h(3)
-M2(31) = b(1)i(3)-c(1)h(3)
Ms(12) = b(D)f2)-c(1)e(2) .

(1) Look what happens if one scales up the elements of column 2 by constant factor a, and scales down
those of column 3 by the same factor. The above three equations become

M'1(23) = 0e(2) (1/a)i(3)- (/a)f(2)ah(3) = e(2)i(3)-f(2)h(3) =M1 (23)
M'2(31) = ab(1) (1/a)i(3)-(1/a)e(1)ah(3) = b(1)i(3)-c(1)h(3) =-Mz(31)
M'3(12) = ab(1) (Va)f(2)- (1/a)e(1)oe(2) = b(1)f(2)-c(1)e(2) = M3(12)

Since S =a(l) M1 +d(2) Mz + g(3) M3 and the M's stayed the same, S also stays the same, and (5.11) is
still satisfied. Therefore, this up/down scaling of the last two columns is an "equivalence" operation for @
-- it creates a new Stéckel matrix that is just as good as the original @. In the special case a = -1, one sees
that negating the last two columns of a Stéckel matrix is an equivalence operation.

(2) Next, suppose one swaps columns 2 and 3 and then negates either of the swapped columns. For
example, swapping columns 2 and 3 and then negating column 2 gives,

a(1) -c(1) b(1) a(1) b(1) c(1)
@' :[ d2) -f(2) e(2) J S = det(D) . /] ® =[ d2) e(2) f(2) J
g(3) -i(3) h(3) g(3) h@3) i(3)

A quick inspection shows that M', = My,. Also, swapping two columns negates the determinant, and then
negating a column restores it. Negating the third column instead of the second is the same as taking @' as
shown above and negating both columns 2 and 3. But from (1) that is an equivalence operation.

(3) Adding a multiple of one of the last two columns to the other is also an equivalence operation as is

now shown. Linear algebra says that such an operation does not change S. Suppose one adds a multiple o
of column 2 to column 3:
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a(1) b(1) c(1)
o = [ d(2) e(2) f(2) ] S = det(®)
g(3) h(3) i(3)

c'(1)=c(1)+ab(l)

f(2)= f(2) + ae(2)

1'(3)= i(3) t ah(3)
Then :

M;'(23) =e(2)I'3)-f'(2)h(3) = e(2)[i(3) + a h(3)]-[ f(2) + a e(2)]h(3)

=¢(2)i(3)-f(2)h(3) + a [e(2) h(3) - &(2) h(3)] = e(2)i(3)-f(2)h(3) = M1(23)

and similarly for the other two My. Of course one could add a multiple of one of the last two columns to
the first column, and that would also be an equivalence operation since the My, and S are both unaltered.

Summary of Stiickel Matrix Equivalence Operations

(1) multiply one of the last two columns by any (nonzero) constant o and the other by 1/a. (6.1)
(2) swap the last two columns of @ and then negate either of these columns. (6.2)
(3) add any multiple of one of the last two columns to a different column. (6.3)

These rules are useful if one computes a Stickel matrix and it does not agree with a Stickel matrix
appearing in the literature. Some examples will be shown in Section 12.
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7. Solving Problem B

To save writing lots of subscripts, write the to-be-determined ® matrix as shown above,

a(l) b(1) c(1)
@ =[ d(2) e(2) f(2) ) S = det(®) . (7.1)
g(3) h(3) i(3)

The cofactors of interest appear in these equations

M1(23) = e(2)i(3)-f(2)h(3)
-M2(31) = b(1)i(3)-c(1)h(3)
M3(12) = b(1)f(2)-c(1)e(2) (7.2)

and now insert the My, expressions from (5.8b) to get

g1/(f2f3) = e(2)i(3)-f(2)h(3)
- g2/(f3f1) = b(1)i(3)-c(1)h(3)
gs/(fafz) =b(Df(2)-c(1)e(2) . (7.3)

Now define rescaled upper-case functions of the form
E(2)=e(2) f2(2) (7.4)
and similarly for the other five functions appearing above, so (7.3) becomes,

£1(23) = E(2)I(3)-F(2)H(3)
- g2(31) =B(D)I(3)-C(1)H(3)
g3(12) =B(DF(2)-C(DE(2) (7.5)

where the g, are those helper functions appearing in (3.5). Recall that it was assumed at the start that the
curvilinear coordinate system and its scale factors h, were compatible with the three equations of (3.5)
and that one could find a set of 7 functions f5, gn and R, all unique apart from constant allocation. In
particular, the analysis of (3.5) yields the three g, which appear on the LHS of equations (7.5). The
question is now whether these g, have the functional form shown in (7.5) ! For example, does the g1(23)
obtained from (3.5) have a form which is at most two terms each showing simple factorization? One has
to regard (7.5) as three functional-form conditions for the chosen coordinate system! If the g, don't have
the functional form shown in (7.5), then given the three cofactors My, , one cannot successfully obtain the
elements of the rightmost two columns of @ and the entire plan collapses.

Suppose the g, do in fact have the functional form shown in (7.5). Even in this case, it is not clear
that (7.5) can be solved for the capital letter functions. The reason is that there is correlation in the three
equations in that each function shows up in two equations. So even if the functional form requirements
are met, one still has to actually be able to solve 7.5 for the 6 capital letter functions. If this can be done,
then one uses (7.4) to find the lower case functions which are the actual @ matrix elements for the
rightmost two columns.
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In many examples studied below, each of equations (7.5) will have only a single term on the RHS. In
this case, at least two of the capital letter functions will vanish. (But this does not happen in Section 12.)

We now turn to the S equation which is this from (5.10)
1/Q = a(1) (1/h1%) + d(2) (1/h23) + g(3) (1/h3?) (7.6)

Of course the (1/h,%) and Q(123) objects are completely determined by the choice of coordinate system,
so once again one has a functional-form question concerning the solvability of (7.6). To see if it is
solvable, we have to examine a specific curvilinear system, or perhaps a family of such systems. When
(7.6) has a solution, one often finds that two of the three matrix elements a(1), d(2), g(3) can be set to 0.

In the next two subsections, we summarize first the Conditions needed for a successful separation, then
the sequence of Steps needed to actually do the separation.

(a) Conditions required for Separability

If the following conditions are all met, then Problem B (and therefore Problem A) has a solution, and the
corresponding curvilinear coordinate system is separable.

Condition (1) Equations (3.5) must be solvable for the 7 functions f5,, g, and R. If some f, is a constant,
that constant is set to 1. ( If one is doing Problem A, R=1.)

(H/hi?) = fi(1)g1(23) R? H = hihzh,
(H/hz?) = £3(2)g2(31) R?
(H/h3?) = f3(3)ga(12) R? . (3.9)

Assuming one can solve equations (3.5), one computes the My, as follows,

M1 = g1 /(f2f3) /] = g1fy / (f2fa13)
M2 = g2 /(f3f1)
M3 = g3 /(faf2) . (5.8b)

Condition (2) Equations (7.2) must have a solution. This is a triplet of functional-form conditions, where
the My, are as given above,

M1(23) = e(2)i(3)-f(2)h(3)
-M2(31) = b(1)i(3)-c(1)h(3)
M;(12) = b(1)f(2)-c(1)e(2) . (7.2)

Condition (3) If conditions (1) and (2) are met, one then does the work of computing Q and k;? from
(3.9),

Za (U[hn*faR]) Gn{fa(@aR)} =-ka?/Q(123). (3.9)
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For Problem A, Q=1 and klz = (0 and no work is needed.

Then with this Q expression, equation (7.6) must have a solution for a, d and g,

1/Q =a(1) (1/h1?) + d(2) (1/h2?) + g(3) (1/h3?) (7.6)
and this is another functional-form condition.
(b) Steps for finding ® and related quantities
Here it is assumed that the Conditions of 7(a) are all met, so we proceed with our Stdckel solution. Some
of the Steps listed here were already carried out to check the Conditions, but they are listed here anyway.
If one knows ahead of time that separation is going to work, one can ignore the Conditions and then just

carry out the Steps listed here.

Step 0: Write down the hy for the curvilinear system of interest and compute H = h;hzhs. Perhaps write
down other useful facts concerning the system of interest.

Step (1) As noted above, the first task is to solve (3.5) for the 7 functions fy, g, and R

(H/h1?) = f1(1)g1(23) R?

(H/h;?) = £3(2)g2(31) R?

(H/hs?) = f5(3)ga(12) R?.. (35)
This task is pretty much just one of "inspection”" when the LHS's of (3.5) are inserted.
Step (2) One can then immediately write down the three first-column cofactors from (5.8b)

M1 = g1 /(f2f3)

M2 = g2 /(f3f1)

M3 = g3 /(faf2) . (5.8b)
Step (3) If Problem A, then Q = 1. Otherwise compute Q and k1% from (3.9),

Zn (1/[ha*faR]) 8a{fa(@aR)} =-k1?/Q(123) . (3.9)

Step (4) Knowing Q, compute S from the Robertson condition,

S(®) =H/ (f1f2f3QR?) . "Robertson condition" (5.7)
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Step (5) One must next find the rightmost two columns of the Stickel matrix,
a(1) b(1) c(1)
® = d@) eQ) f2) S = det(®) . (7.1)
g(3) h(3) i(3)
This can be done by solving the following equation set, using the My found in Step (2)
M; = e(2)i(3)-f(2)h(3)
-M2 =b(1)i(3)-c(1)h(3)
Ms =b(D)f(2)-c(1)e(2) . (7.2)
Step (6) One must next find the first column of the Stackel matrix by solving (7.6) or (5.9)
1/Q = a(1) (1/h1?) + d(2) (1/h2%) + g(3) (1/h3?) (7.6)

S =a(1) My +d(2) M, + g(3) M3 (5.9)

Step (7) At this point, one may want to apply some of the Section 6 equivalence operations to obtain a
Stackel matrix @ that is of the simplest possible form, or of a form that matches the literature.

(c) Problem B Example (R-separation of Laplace): Toroidal Coordinates
The ® matrix

Section 3 ( see (3.8) above) states our accumulated facts about toroidal coordinates and their separation,
and those facts are copied here :

hy = hy = a/[ch(&1)-cos(&2)] =>  hy=h;=aR? H = sh(¢1)a’R®
hs = a sh(&1)/[ch(E1)-cos(E2)] =>  hy=ash(&)R?

f2(1) = sh(&) g1(23)=a R = [ch(&1)-cos(&2)] /2
f2(2)=1 g2(31) = a sh(&y) Q = a’[ch(&1)-cos(&,)]* = a*R*
f3(3)=a g3(12) = 1/ sh(&y) ki® = (1/4)

Steps (0),(1) and (3) of Section 7 (b) have already been carried out.
For Step (2) compute the cofactors,

M]_ =g1 /(f2f3) =ala=1
M2 = g2 /(f3f1) =a Sh(&_,l)/ a Sh(&l) =1
Ms = g3 /(fifz) = (1/sh(&1))/(sh(€1) = 1/sh?(&y) (5.80)
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For Step (4) one has

S(®) =H/ ([f1f2f3]QR?) =sh(¢1)a’R®/ ([a sh(¢1)] a?R* R?) =1

For Step (5) :
M;(23)=1 = e(2)i(3)-f(2)h(3)
-M(31)=-1 =b(1)i(3)-c(1)h(3)
Ms(12) = 1/sh®(&1) = b(1)f(2)-c(1)e(2) (7.2)

We try h(3) = 0 and f(2) = 0 (trial and error!)
1 = ¢(2)i(3)
-1 =b(1)i(3)
1/sh?(&1) =-c(1)e(2)
The first two lines say e(2) = 1, i(3) = 1 and b(1) = -1. The third line is then

1/sh?(&) = -c(1)

The Stéckel matrix at this point is then

a(1) b(1) c(1) a(l) -1 -1/sh3(&y)
@ :[d(z) e(2) f(2)] ~® =[d(2) 1 0 ]

g(3) h(3) i(3) g3) 0 1
For Step (6) write
1/Q = a(1) [1/h13] + d(2) [1/h23] + g(3) [1/hs?] (7.6)

1/(a®R*) =a(l) [1/ @*RH] +d(2) [I/ (@*R*)] + g(3) [1/ (a®R* sh*(&1))]

1=a(1) +d(2) + g(3) [1/ (sh*(€1))]

A solution here is a(1) = 1 and d(2) = g(3) = 0. So here is the filled-in ® matrix along with our results
found above:

a(l) -1 -1/sh®@&) 1 -1 -1/sh3(&)
0} =(d(2) 1 0 J = [o 1 0 } (7.7)
g(3) 0 1 00 1
fi(1) = sh(&y) g1(23)=a R = [ch(&1)-cos(€2)] /2
f2(2)=1 g2(31) =ash(&y) Q = a®[ch(&y)-cos(£2)]* = a’R*
f33)=a g3(12) = 1/ sh(&y) k12 = (1/4)
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M; =1 S=1
M2 =1
M; = 1/sh*(&,)

These results are in agreement with Moon and Spencer p 112, so Step (7) is not needed.
The separated equations and their solutions: toroidal harmonics
Here then are the separated equations from (5.2)
LoXn = (1/f2)@a[fa(0aXa)] + [ k1 ?@a1(n) + k2 ?@nz(n) + k3*®p3(n)]Xa =0 (5.2)

We now install the @ matrix elements from (7.7) above showing enough lines for the reader to quickly
verify each step:

L1X3 = (1/f1)01[f1(01X1)] + [ klzq)n(l) + kzzq)lz(l) +k3?®13(1)]X1 =0

L1X1 = (1/f1)01[f1(61X1)] + [ k12 1 + ko2(-1) + k3®(-1/sh?(E1)[X1 =0

L1X; = (1/sh(E1))01[sh(E1) (1X1)] + [ ka? - ka? + ks®(-1/sh?(£1)]X1 =0

L1Xy = (1/sh(€1)){ sh(&1) 01Xz + ch(&y) 01 X1} + [ ki” - ka” - ks®/sh?(£1)]X1 = 0
L1X1 = 012X1 + coth(&1) 91X1 + [(1/4) - k2? - k3?/sh?(£1)]X1 =0

LoX; = (1/£2)02[f2(02X2)] + [ ka*®@21(2) + k22 ®22(2) + k3’ ®53(2)]X2 = 0
LoX3 = (1/1)d2[f1(82X2)] + [ k120 + k221 + k320]X2 =0
L2X2 = 822X2 + k22X2 =0

L3X3 = (1/f3)03[f3(03X3)] + [ k1’®@31(3) + k2> @32(3) + k3*®33(3)]X3 =0
L3Xs = (1/a)d3[a(03X3)] + [ ka?0 + k2?0 + k3*1]X3 =0
L3Xs=032X3 + k32X3=0 .

So here are the separated equations :

L1X1 = 012X1 + coth(&1) d1X1} + [(1/4) - ka? - ks®/sh?(E1)]X1 =0
LzXz = 622X2 + k22X2 =0
L3X3 = 532X3 + k32X3 =0 .

in agreement with Moon and Spencer page 114. For this system, the appearance of the separation
constants in the last two separated equations looks just like our ¢, and c3 equations shown in (3.12) for
Cartesian coordinates. However, the first equation involves both separation constants in a tangled manner.
For ellipsoidal coordinates in Section 12, one finds full entanglement in all three separation equations.

Moon and Spencer use kl=0y= p2 and k32 =03 = q2. Whereas the X, and X3 are simple trig functions,
the X; (it turns out) are Legendre functions of the type P%,_1,2(ch&;). Thus, in a most-general toroidal
problem, the "toroidal harmonics' would be ( we have added 1/R on the right to get v = X3 X,X3/R)
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[P%-1/2(ch&1), Q%-1/2(ch&r) [ sin(péa), cos(péz) ][ sin(qés), cos(q&s) 1* [ch(&a)-cos(E2)]™2 .

This notation means that each bracket [f1, f2] can be an arbitrary linear combination Af;+Bf; and the
constants can be different for each bracket. The functions are called "harmonics" because they are
functions which solve the Laplace equation. Elsewhere we refer to the above combinations as "atoms" or
"atomic forms" with the idea that one can assemble a problem solution by linearly combining the atoms.

Since &3 is an azimuthal coordinate, in a problem with a full 2z azimuthal range one would find that k3 =

g was an integer, and in an problem with azimuthal symmetry one finds q = 0. Legendre functions of this

kind are called toroidal or ring functions. If ky* = p® < 0, one writes p = it to get

[P%c-2/2(ch&s), Q%ic-1/2(chEr) [ sh(tEz), ch(tEz) ][ sin(qés), cos(q&s) 1 * [ch(&x)-cos(E2)]™

and Legendre functions of this type are called Mehler functions.

(d) Problem A Example (simple-separation of Helmholtz): Circular Cylindrical Coordinates

The ® matrix

Here are the Steps of Section 7 (b) :

Step (0)

1,2,3=p,9,z

h1:1

h3:1

Step (1) Examine equation (3.5) with R=1

(H/hg®) = fa(n)ga(#n)

&1 =f(1)g1(23) = [& J[ 1]
/€1 =12(2)gs(31) =[1][ 1/&]
&1 =133)gs(12) =[1][&]

Step (2)

M1 =gy /(f2f3) =1/1=1
Mz = g, /(f3f1) = (1/&1)/E = 1/E12
M3 = g3 /(fif2) =&/ 01 =1

Step (3)

Step (4)

n=123
= f=1
=> f3 =1

S(®) = H/ ([ff2£3]QR?) = &/ (&1) = 1

R=1
g1 =1
g2=1/&
g3 :E_,l

(5.80)
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Step (5)
Mi(23)= 1 =¢(2)i(3)-f(2)h(3)
-M2(31) = -1/&1% = b(1)i(3)-c(1)h(3)
Ms(12)=1 =b(1)f(2)-c(1)e(2) (7.2)

Try h(3)=0and f(2) =0

1 = eQ)iQ) = ¢2)=1 andi(3)=1
1/61% = -b(1)i(3)
1 =-c(De2 = c(1)=-1

The second line then says -1/&1% = b(1). The Stickel matrix at this point is then
a(1) b(1) c(1) a(l) -1/&% -1
) —[ d2) e(2) f(2) ) = d2) 1 0
g(3) h(3) i(3) g3 0 1
Step (6)

1/Q = a(1) [1/h13] + d(2) [1/h22] + g(3) [1/hs?] (7.6)
1 = a(l)1+dQ)[1/&:%]+g?3) 1

One can then take g(3) = 1 and a(1) = d(2) = 0. So here is the filled-in ® matrix along with the results
found above:

a(l) -1/&.% -1 0 -1/&2 -1
) ={d(2) 1 0}{0 1 0)

g3) 0 1 1 0 1
fi(1)= & g1(23)=1 R=1
f22)=1 2231 =1/& Q=1 (7.8)
f33)=1 g3(12) =&; ki2=0
M; =1 S=1
M, = 1/&,2

M3:1

These results are in agreement with Moon and Spencer p 12, so we don't need Step (7).
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The separated equations and their solutions: cylindrical harmonics
Here then are the separated equations from (5.2)

LoXn = (1/f2)0a[fa(@aXa)] + [ k12®@a1(n) + ko @aa(n) + k3?Opz(0)[Xa =0 . (5.2
We now install the ® matrix elements from (7.8),

L1X1 = (1/f1)01[f1(01X1)] + [ Ki?®@11(1) + k2*@12(1) + ka®®13(1)] X1 = 0
L1X1 = (1/81)01[E1(0:X0)] + [ -k2?/E1% - k3%]X1 =0
L1X1 =012X1 +(1/€1)(01X1) - [ k2%/E12 +k3%]X1=0

L2X; = (1/£2)02[f2(02X2)] + [ Ki2®21(2) + ka*@32(2) + k3 ®23(2)]X2 = 0
LyXo = (1/1)82[1(62X2)] + [ K120 + k21 + k3%0]X, =0
L2X2 = 522X2 + k22X2 =0

L3X3 = (1/£3)03[f3(03X3)] + [ K12®@31(3) + ko’ @32(3) + k3 ®33(3)]X3 = 0
L3X3 = (1/1)03[1(83X3)] + [ K11 + k220 + k3®1)]X3 =0
L3X;3 =03%X3 + (K12 + ks?)]X3=0 .

So here are the separated equations :

L]_Xl = 612X1 +(1/§1)(81X1) - [ k22/§12 + k32]X1 =0
L2X2 = 822X2 + k22X2 =0
L3X3 = 05°X3 + (K1® +k39)]X5=0 .

in agreement with Moon and Spencer page 15 (they use K12 = %, ko% = 0z = p?, and k3= a3 = g?). The
solutions of the X; equation have the form Jy(iq&1). The X is trig of the form sin(k2&2), and X3 is also

trig of the form sin(\/Kl2 +ks? &3). The "cylindrical harmonics" can then be written (R=1 so y =
X1X2X3)

[Jp(ik3&1), Yp(i k3&1)] [sin(kaE2), cos(k2Ez)] [sin(+/ Ki? + k3% &), cos(+/ Ki? + k3 &3)]

or (ignoring constants) one can put in the usual modified Bessel functions,

[lp(k3&a), Kp(ks&a)] [sin(kaga), cos(kaEz)] [sin(\Ka* +ks” &), cos(\[Ka” + ks* &3)]

all of which agrees with Moon and Spencer page 15. Notice that if we had selected a(1) = 1 back in Step
(6), the constants get shuffled around in the three factors in a trivial manner. The point here is that k, and

ks are arbitrary separation constants and one can "shuffle" them however one wants. If k32 <0, then k3 =
-io3 to get these harmonics instead.

[Io(03€1), Yp(03&a)] [sin(kz&2), cos(kza)] [sin(\Ki? - 63% &3), cos(\[Ki1? - s3° £3)]
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8. Separability in Cylindrical Systems when h; # a h;

For the moment, assume some general h; and h, where one h is not just a multiple of the other. They
define a 2D orthogonal system of some sort. Then just extrude in the "z direction" (&3) to get a 3D
cylindrical coordinate system. This gives

hi=h(12) (8.1)
h=hy(12)
hs=1 H = hih, H/hi%=hy/hy  H/he? =hi/h, H/hs? =hih, .

Here then is an examination of the Conditions stated in Section 7 (a) applied to this situation, with a
summary at the end:

Condition (1) From (3.5)

(H/h1?) = f1(1)g1(23) R?
(H/h2?) = £(2)g2(31) R?
(H/hs?) = 3(3)gs(12) R (3.5

One can define some new functions G1(2) and Gz(1) that might simplify things in terms of functional
form, since the h; and h; scale factors don't depend on coordinate 3:

(ho/hy) = fi(1) g2(23)R?  => 21(23)=G1(2)

(hl/hz) = f2(2) g2(13)R2 => g2(13) = Gz(l)

(hihy) =f3(3) gs(12R*  => f33)=1 (8.2)
or

(hz/hl) = fl(l) G1(2)R2

(h1/hz) = £2(2) G2(1)R?

(hih) =g3(12)R? . (8.3)

One is still faced with the problem of solving (8.3) for the 6 functions fi, f2, G1, G2, g3 and R. It is not
clear that a solution set exists for some very strange h; and h,.

For example, suppose h; = 1 and h, = \/&12@22 . The first equation of (8.3) forces f;= G;= 1 and

then R?= \/E;lz-ézz . Then the second equation says 1/\/&12-&,22 =12(2) Gz2(1) \/élz-ézz and one ends up
with f2(2) Ga(1) = 1/(E1%-£22) and there is no solution for f; and G that works.

So the duty to find the solutions to (3.5) remains for cylindrical systems. If there is a solution, one can
multiply the first two equations of (8.3) to find that R must have this form
I/R* = [f1(1) Go(1)] [G1(2) f2(2)] (8.4)

so R is seen to factorize into R = r1(1) r2(2). One can also compute the three cofactors
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M; = g1 /(f2f3) = G1(2)/12(2)
M2 = g2 /(f3f1) = Gz(l)/f]_(l)
Ms = g3 /(ff2) = g3(12) /[f2(Df2(2)] . (5.80)

Condition (2) requires the solution of

M1(23) = e(2)i(3)-f(2)h(3)
“M(31) = b(1)i(3)-c(1)h(3)
M3(12) = b(1)f(2)-c(1)e(2) (7.2)

and in the current situation this says

G1(2)/f2(2) =¢e(2)i(3)-f(2)h(3)
- G2(1)/fa(1) =b(1)i(3)-c(1)h(3)
g3(12) /[f2(Df2(2)] = b(D)f(2)-c(1)e(2) .

From the first line we must choose either i(3) = 0 or h(3) = 0 and we choose the latter. The reader can
show that selecting i(3) = 0 introduces nothing new. Then the above becomes

G1(2)/f2(2) =e(2)i(3)
- Ga(1)/fa(1) =b(1)i(3)
g3(12) /[f2(Df2(2)] = b(D(2)-c(1)e(2) .

From the first two lines select

e(2)= Gi1(2)/f2(2) i3)=1
b(1) = - Ga(1)/fu(1) i3)=1.

The third line then says

g3(12) /F2(Df2(2)] = [- G2(1)/F2(DIR2) - (D] G1(2)/2(2) ]
g3(12) =[- Gz(1) £2(2) Jf(2) - c(1)f2(1)G1(2)
or
- 23(12) = c(Df1(1)G1(2) + £(2) £2(2) G2(1) . (8.5)

This is a very strict requirement on the form g3(12) must have in order to allow the Stéckel separation

process to succeed. One is free to select c(1) and f(2), but G1(2), Gz(1) and f3,f; are already determined
and none of these factors vanishes. Installation of (8.5) and then (8.4) into the last line of (8.3) gives
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-(hzhz) =-g3(12)R? =[c(1) f1(1)G1(2) + f(2) f2(2) G2(1)] R?

[e(1) f2(1)G1(2) + £(2) £2(2) G2(D]/ { [f1(1) G2(DI*? [£2(2)G1(2)]1* %}

c(1) f(1)G1(2) / { [f2(1) Ga(D]*? [£2(2)G1(2)]* %}
+(2) £2(2) G2(D)]/ { [fa(1) G2(DI*? [£2(2)G2(2)]*?}

= (1) [f2(1) G2(DIM? / [£2(2)G2(2)]*?
+f(2) [£2(2)G2 ()12 / [f2(1) G2(DIM2.

Absorbing [f1(1) G2(1)]*/? into ¢(1) and similarly for f(2),
o(1) [fa(1) G2(DIY? =c'(1) [2(2)G1(2)]*? f(2) = £(2) ,
produces this functional form requirement

-(h1hz) = ¢'(1) / [f2(2)G1 (]2 +£(2) / [f2(1)G2(D]M2,

(8.6)

so one must find c'(1) and f'(2) to satisfy this equation. So condition (8.5) is replaced with a condition
directly on the product of the scale factors, and it still looks very strict for some completely arbitrary pair

of functions h;(12) and h(12). Equation (8.6) can be regarded as Condition 2.

Assuming Conditions (1) and (2) are met as just outlined, one can construct the Stickel matrix ®

d(2) e(2) f(2) d2) Gi()/f2(2) f(2) | .
g(3) h3) i(3) g(3) 0 1

a(1) b(1) c(1) a(l) - Ga(1)/f2(1) (1)
@ = =
Condition (3) One is supposed to compute Q using (3.9) which says
n (1/[ha’faR]) On{fa(@aR)} = -k1?/Q(123) .
Since 05R = 0, there will be only two terms in the sum

- k1/Q(123) = (1/[h2*f1R]) [01 {f2(61R)}] + (1/[h2*f2R]) [0z {f2(82R)}]

= (U[h*faR]) [02{f1(@:R)}] + (1/[h2*>R]) [0z {f2(2R)}] = T1 + T2

(3.9)

Putting these terms into Maple as T1 and T2 with R™* = figifog, from (8.4), Maple does the

derivatives:
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T1 := 1/(h1(x1,x2)"2*f1(x1)*R(x1, x2))*diff(f1(x1)*diff(R(x1,x2),x1),x1) :simplify(%)

(iﬂ f][iRiz]flf 62312
Gog ED) || o ROxd x2) |+ 1xD) e (xi,x2)

el s 2 A Rexd, 720
T2 := 1/(h2(x1,x2)"2*f2 (x2)*R(x1,x2))*diff(f2(x2)*diff(R(x1,x2),x2),x2):simplify (%)

2

3 =} )
(@Q(ZZ)J [@R(n’, 12)] +2(x2) [aﬂzR(xf, 7.2)]

n2(rl, x29° £2(x2) R(xd, x2)

R := (x1,x2) -> (f1(x1)*G2(x1)*c1(x2)*f2(x2))"(-1/4);
1

R=(xi,z2)— 1

4
(F1(xd) G2(xl) Glix2) f2(x2))
T1l: simplify(%);

2 2

2
P G2(xd )}
i

[z a2 e (poacnn | -snon? (Fraonf i 2
—| T flxdy | GRxI)T 2| x| GE(xI)flixd) | T G2{xd) |- S5E1(x )" | —— G2(x1) | +411(x]) G2(xl) f1{xdy [+ 4 fl(xd)" G2(xi)
1 dxi i i ! 2

2 ari

16

f](n’)2 GZ(x!)2hl(x!,x2)2
T2: simplify(%),;

2 2

- Gl(xZ)]—de(xZ) Gixn)® [ 2 2f2(x2)]

=2 | T GUx2) [ £2(x2) GUx2Y | T E2(x2) |+ GUx2)" | ——f2(x2) | +5| T Gl(x2) | f2(x2)" -4 GU=x2) £2(x2)
| ox2 a2 2 o2 a2

# ax2

16

2x27% G1(x2)° W21, x2)°
The details are less important than the general form of the result, visible from the last lines above,

T1 =ty(1) / hy?
T2 =t3(2) / hy?

=> -k:%/Q(12) = t1(1)/h1? +t2(2)/ h® . (8.7)
Now having to some extent computed Q, one must examine condition (7.6),

1/Q = a(1) (1/h1?) + d(2) (1/h2?) + g(3) (1/h3?) (8.8)
1/Q(12) = a(1) (1/h1(12)%) + d(2) (1/hz(12)*) + g(3) 1 .

Since Q = Q(12), g(3) must be a constant. As an ansatz set g(3)=0 to see if a solution results. Then,
1/Q = a(1) (1/h1?) + d(2) (1/h2?) .

Comparing this to (8.7) one can make these choices
a(1) = - t1(1)/k 2 d(2) = - t2(2)/ks? and of course  g(3)=0

so the @ matrix now has this form

o =| d2) Gi(2)/f2(2) f(2)
g(3) 0 1

-2(2k1® Gi(2)/f2(2) f(2)
0 0 1

a(l) - Ga(D)/fa(1) (1) J [ -ta(1)/ka® - Ga(1)Y/fa(1) (1) j
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Summary of the three conditions:

(1) One must be able to find f1, f2, G1, G2, g3 and R which satisfy these functional-form equations,

(ha/hy) = f1(1) G1(2)R?
(ha/hy) = £2(2) G2(1)R?
(hihz) = gs(12)R? (8.3)

(2) One must be able to find c¢'(1) and f'(2) which satisfy this functional form equation,
~(hihz) = ¢'(1) / [2(2)G2(2)]*? +£(2)/ [fa(1) Go(1)]*? (8.6)

(3) One can meet condition (3) for sure, and the first column of ® is as shown above. If Q = 1, choose
2(3) =1 and the two elements above it 0.

Example: Circular cylindrical coordinates revisited

Cylindrical systems with h; # a h, are uncommon for the reason discussed at the end of the next section,
but there is one notable exception: circular cylinder coordinates, which we shall call p,p,z. If one defines
the &, according to p,p,z = exp(&£1),E2,E3, then this system fits into the conformal-mapping-of-Cartesians
framework and one finds h; = h, = exp(2&;1), as in Moon and Spencer p 13. But normally one takes p,¢,z
= £1,82,E3 so that hy = 1 and hy = &;, so one can consider this system as an example of a cylindrical
system with h; # ahz. This system was fully analyzed in Section 7 (d), so we just examine the first two
conditions summarized above to see how they work out:

Condition (1): hi=1 hy=¢& and we know the R =1

(hz/hy) = fi(1) G1(2)R?
(h1/hz) =12(2) Gz(l))R2
(hzhz) = gs(12)R? (8.3)

& =1f1(1) G1(2)
1/€1 = 12(2) G2(1)
&1 =g3(12)

Inspection shows a simple solution to equation (3.5),

fi(1)=¢& G1(2) =1 R=1 => Q=1 and k;*=0
f2(2)=1 Ga(1)= /&,
f33)=1 g3(12)=&
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Condition (2):
-(hihz) = (1) / [QIG@I? +£(2)/ [fa(1) G2(D]** (8:6)
=)/ [1F Y2 A0/ (& &
-G=c'(l) +1(2)

So this condition, noted in the general case to be "strict", has in this system the simple solution,
c(l)=-¢& f(2) =0 = c(l)=-1 f(2)=0

Since Q=1, one can take g(3)=1 and a(1) = d(2) = 0 for the first column, so ® comes out exactly as found
in Section (7d),

a(l) b(1) (1) a(l) - Gz(1)/f1(1) e(1) 0 -1/&2 -1
@ =( d2) e2) f(2) ] =| d2) Gi2)/f(2) f(2) =[ 0 1 0 }
g(3) h(3) i(3) 2(3) 0 1 1 0 1
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9. Separability in Cylindrical Systems when h; = a h;

We review the three Conditions summarized just above (end of Section 8), but now instead of general h;

and hy, it is assumed that ho, = o h;, o = a fixed constant.

The Conditions

(1) It must be possible to solve equations (8.3) for the 6 functions f3, f2, G1, G2, g3 and R

(ha/hy) = f1(1) G1(2)R?
(hl/ hz) = f2(2) Gz(l)R2
(hihz) = g3(12)R? .

In this case,

a=fi(1) G1(2)R?
o™t =f5(2) Ga(1)R?
oh:? =g3(12)R? .

Try R =1 and search for a solution to

o= f1(1) G1(2)
1/a = £3(2) G2(1)
ohi? =gs(12).

The solution is pretty clear (recall f3 = 1 for any cylindrical system),

f=f=f3=1 Gi12)=a Gzx(1)=1/a g3 =0 hy? R=Q=1.

Since a solution was found, the R=1 assumption is justified.
(2) This condition was
~(h1hy) = ¢'(1) / [£2(2)G1(2)]*? +£(2)/ [fa(1) Go(1)]*2.

It looked fairly strict in general, but in the current situation it says

~ahi? =c() Ala +12)a .

Tracing back we had

c(1) [f1(1) G2(1)]? =¢'(1) f2) [f2(2)G2(2)]2 = £(2)
or

(1) [/a]*? =¢(1) f2)[a*?  =1Q2)

(8.3)

9.1)

9.2)

(8.8)

(9.3)
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so that Condition 2 above becomes

-ahi? =c() /o +12) @
or

-hi? =c(l) /o® +1(2). (9.4)
(3) We shall redo this condition from scratch. The general condition is

1/Q = a(1) (1/h1%) + d(2) (1/h23) + g(3) (1/h3?) (8.6)
but since Q = 1 and hz = 1 this becomes

1=a(1) (1/h1?) + d(2) (1/a*h1?) + g(3) . 9.5)

The obvious solution here is a(1) =0, d(2) = 0 and g(3) = 1. The Stdckel matrix from Section 8§ now
takes this form

a(l) - Ga(1)/fa(1) c(1) 0 -1/a c(1)

® =| d2) Gi1(2)/f22) f(2) | =| 0 o f(2) (9.6)
2(3) 0 1 1 0 1

This agrees in its general form with Moon and Spencer on page 7 equation (1.28).

Summary of Conditions: The only real condition for separation of this kind of coordinate system is the
Condition 2 requirement found above,

-hi? =c(l) /a® +1(2) (9.4)
and this, assuming it can be satisfied, fills in the two missing elements in the ® matrix above.

Condition (9.4) of course rules out something like o =1 and hy® = (&% + &,)72 as occurs in "tangent
cylinder coordinates" (Moon and Spencer p 79). That is to say, the general Laplace equation cannot be
separated in such coordinates.

The Steps
From Section 7 (b) we track our 7 steps for the case h, = a h; :

Step (1) : Already done above where it was found that

f1=fo=f3=1 Gi2)=a Ga(1)=1/o g3 =a h;? R=Q=1 (9.2)
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Step (2):

M]_ =g1 /(f2f3) =o/l=a

M, = g2 /(f3f1) = (1/(1)/1 =1/a

M; = g3 /(fifz) = o hy? (5.8b)
Step (3): R=1s0Q=1
Step (4): S =[H/(f1f2f3QR?)] = H = hyhzh3 = oh;?

Step (5) and Step (6): Already done above where it was found that

0 -1/a c(1)
® =] 0 o f2) where -hi? =c(1) /o® +£(2)
1 0 1

Moon and Spencer page 7 equation (1.28) gives a general form for the Stickel matrix associated with a
cylindrical system

0 * *
1 01

and this is seen to agree with our result above.
Special Case h; = h;

Practical curvilinear cylindrical coordinate systems have h; =h; so a = 1, and for such systems the results
above can be summarized :

f1:f2:f3:1 G1(2) =1 Gz(l) =1 g3 = h12 R:QZI (92)
M1 =1
M2 =1
M; =h,? S =h,? (5.8b)
0 -1 c(1)
® =/ 0 1 f(2) where -hi? =¢(1) +f(2)
1 0 1

This says g3 = M3 = S = h1? so we won't repeat those results in the following examples. The critical
functional-form condition is that - h1? =c(1) + f(2).
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Example 1: elliptic cylinder coordinates

For this system,

b= @ +&Y) = -o)- Q) = e(D=-&°  f)=-&"

0 -1 ¢(l) 0 -1 -a%ch’(&y)
® =] 0 1 f2) | =| 0 1 a’cos?&,) // agrees with Moon and Spencer p 17 n,y,z
1 0 1 1 0 1

Example 2: parabolic cylinder coordinates

For this system,

hi? =a%ch?(&;) - acos?(&2) = -c(1)- f2) => c(1)=-a’ch?®&,) f(2) = a®cos®(&,)
0 -1 o) 0 -1 -&2

® =| 0 1 f2) | =| 0 1 -&? // agrees with Moon and Spencer p 21 p,v,z
1 0 1 1 0 1

Example 3: circular cylinder coordinates

This case was treated in Section 7 (d) above, where h; = 1 and hy = &= r. One can do an alternate
analysis defining &; by r = exp(&1), and in this case it turns out that h; = h, = exp(&1) so,

h?=expé) = -c(1)- f2) =  o()=-expQi)  f2)=0
0 -1 c() 0 -1 -exp(2&1)
) =( 0 1 f(2) ] = ( 0 1 0 ] // see Moon and Spencer p 13 &,y,z
1 0 1 1 0 1

Moon and Spencer have a rare typo in this matrix. They show its upper right element as -exp(-2§) which
then disagrees with their M1 = exp(2&) and S = exp(2§).

The 21 cylindrical systems of Moon and Spencer

In their third chapter (called Section III) Moon and Spencer consider 21 cylindrical curvilinear coordinate
systems which presumably have proven useful in some applications. Each of these systems is obtained by
doing some conformal mapping w = f(z) of the Cartesian coordinates z = x+iy to get w = &;+i&;. Such
mappings preserve scaling, which is why h; = hy, and also preserve angles, so the orthogonality of the
Cartesian system maps into the orthogonality of the (§1,&2) system. Of these 21 systems, 18 do NOT meet
our Condition 2 which says - hy? =¢(1) + f(2), and are therefore not separable! Only 3 of the 21 systems
are separable, and they are the three cylindrical examples presented above, all simple-separable for
Helmholtz. These 3 systems are among the 11 classical systems Moon and Spencer discuss in their first
chapter. In addition to Cartesian, the remaining 7 classical systems are: ellipsoidal and its two subcases
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prolate and oblate spheroidal and their special case spherical; parabolic-cylinder, parabolic (paraboloidal)
and conical. Moon and Spencer give excellent data sets for all 11 systems including good drawings,
which seem clearer than the interesting but hard to focus stereoscopic images of Morse and Feshbach. For
the 21 cylindrical systems Moon and Spencer also have collected data including detailed 2D drawings of
the level curves.

On page 78 Moon and Spencer state bluntly that "no cylindrical system allows R-separability". What
they mean by this is that no h; = h; cylindrical system is separable with R # constant. Certainly our three
cylindrical systems noted above are R-separable with R = 1, and the more general case might be R
separable for an obscure contrived system.
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10. Separability in Rotational Systems

First of all, 2D orthogonal curvilinear systems often have one or two symmetry axes. If the 2D system is
created by a conformal mapping of the Cartesian system, so w= f(z) or &; + 1§, = f(x +iy), then the 2D
level curve drawing will be symmetric in x if it happens that f(x +iy) = f(-x +y), and it will be symmetric
iny if f(x +iy) = f(x -iy).

A 3D rotational system is formed by rotating such a 2D system about one of its symmetry axes. Such
a system of course then has an azimuthal variable &;. One could for example rotate any of the 21 2D

systems that Moon and Spencer use to generate cylindrical systems, and some of those can be rotated
about two different symmetry axes. All these systems have h;= h, since the starting 2D systems are

derived from conformal maps of the Cartesian 2D system.

An example is the rotation of a 2D bipolar system about one of its symmetry axes to form toroidal
coordinates. Rotation about the other symmetry axis gives bispherical coordinates. A simpler example is
the rotation of 2D polar coordinates to create 3D spherical coordinates.

Since h; = 1 is no longer true, one doesn't get much specialization of the general case treated back in

Section 7. Since &3 is an azimuth angle, the defining equations must have this general form,

x = A(&1,52)c0sE3
y = A(&1,82)81nE;3
z=B(&1,82) -

The scale factors are given by (see derivation a few lines below)
ha? = (0ax)® + (Gay)® + (0n2) On =010, .
Therefore ( see also Moon and Spencer p 50 )

hi? = [01A(E1,E2)]%cos?Es + [01A(E1,E2)] sin®Es + [01B(E1,E2)]
= [01A(&1.E2)]* + [01B(E1.62)]?

ho? = [02A(E1,82)]%c0s?Es + [02A(E1,E2)] sin®Es + [02B(E1,E2)]°
= [02A(E1.E2)]7 + [02B(E1.62)]7

hs? =[A(E1.E2) (-sing3)]* + [A(E1L2) (cosEs)]? = [ACLE)]) .

If h; = h, one has an obvious condition on the various derivatives,

[01A(ELE)]® — [02A(E1E2)]° = [02B(E1.82)])° — [01B(E1.82)]°

but the main point is that the scale factors are functions only of &; and &, so one has hy(12). This is the

same form arising in all cylindrical systems except there h; = 1.

OX
Derivation of the above h,? sum. The curvilinear covariant metric tensor gi4 can be related to Si, = f
- I

by the matrix equation g = S™S. Since h,? = g, one finds that,
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OX 4
ha® = gan =25 (S)niSin =1 (Sin)® =i (a’g )? = (@ax1)® + (BaX2)® + (Gnx)” .

This is true for any curvilinear coordinates, orthogonal or not. Morse and Feshbach derive it for a 3D
orthogonal system on page 24, equation (1.3.4).

We shall now restrict our interest to rotational systems of the type considered in Moon and Spencer which
are derived from conformal map 2D systems, so from now on h;= h,.

A look at the Conditions of Section 7 (a):

Condition (1) Equations (3.5) must be solvable for the 7 functions f5, g, and R. If some f; is a constant,
that constant is set to 1. ( If one is doing Problem A, R=1.)

(H/h1?) = f1(1)g1(23) R? H = hyhshs
(H/h2?) = £2(2)g2(31) R?
(H/hs?) = f3(3)ga(12) R? (3.5)

which becomes, assuming h; = hy,
h3(12) = fa(1)ga(23) R®
hs(12) = f2(2)g2(31) R?
h1?(12)/h3(12) = £3(3)gs(12) R? .
As with the cylindrical case, define G1(2) in the obvious way and set f3 = 1 to get
h3(12) = fi(1)G(2) R?
h3(12) = £2(2)G2(1) R®
h1%(12)/h3(12) = g5(12) R?.
Divide the first two equations by R?
f1(1)G1(2) = £2(2)G2(1)

which has this viable solution

Gz(1) =1fa(1)
G1(2) =12(2)

allowing the three equations to be written as
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h3(12) = f1(1) f2(2) R?
h3(12) = £(2) f1(1) R?
h12(12)/h3(12) = g3(12) R? .

Since the first two are the same, Condition 1 requires the solution of the following pair of equations for
the 4 quantities f1, f2, g3 and R

h3(12) = f1(1) £2(2) R(12)?
h;%(12)/h3(12) = g3(12) R(12)?

Assuming this problem has a solution, one then has
R2 = h3/f1f2

M1 = g1 /(f2f3) =Ga(2) /£2(2) = £2(2) /£2(2) =1
My =gy [(f3f1) = Ga(1) /f2(1) = fa2(1) /f2(1) =1
M; = g3 /(fafz) = gs(12) /(f2(Df2(2)) . (5.80)

Condition (2) Equations (7.2) must have a solution:

M1(23) = 1 = ¢(2)i(3)-f(2)h(3)
“M2(31) = -1 = b(1)i(3)-c(1)h(3)
M3(12) = g3(12) /(f1(1)f2(2)) = b(1)f(2)-c(1)e(2) . (7.2)

Select h(3) = 0 based on the first two lines (nothing new if i(3)=0 instead) to get
1 =¢e(2)i(3)
-1=b(1)i(3)
g3(12) /(f2(D)f2(2))= b(Df(2)-c(1)e(2) .

From the first pair select i(3) = 1, ¢(2) = 1 and b(1) = -1. The last line is then

g3(12) /(f2(1)f2(2))= - f(2)-c(1)
or
- 23(12) = c(D[f(D)f2(2)] + f(2)[f2(1)f2(2)]
and this then is Condition 2. The Stiackel matrix now has this form
a(1) b(1) c(1) a(l) -1 c(1)
() —[ d2) e(2) f(2) ) :( d2) 1 f(2) j .
g(3) h(3) i(3) g3) 0 1
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Condition (3) If conditions (1) and (2) are met, we then do the work of computing Q and k;? from (3.9),
n (1/[ha’*faR]) On{fa(@aR)} =-ka?/Q(123) . (3.9)

IfR=1, we then set Q =1 and k12 = 0 since in this case 0,R = 0. Then with this Q expression, equation
(7.6) must have a solution for a, d and g,

1/Q = a(1) (1/h1?) + d(2) (1/h23) + g(3) (1/h5?) (7.6)
1/Q(12) = (1/hy®) [ a(1) + d(2) ] + g(3) (1/hs?)

and this is another functional-form condition. Since nothing other than g(3) is a function of &3, one must
set g(3) = a, a constant. Then

1/Q(12) = (1/h?) [ a(1) + d(2) 1+ a (1/h3?)
so Condition 3 requires solution of the above equatino for o, a(1) and d(2). The Stickel matrix is now
a(l) -1 ¢(1)
o =| d2) I f(2) .
a 0 1

Adding -a times the third column to the first column , Equivalence Rule (6.3) gives us this new equivalent
matrix

a(1)-ac(1) -1 c(1)
0} z[ d(2)-af(2) 1 f(2) j
0 0 1

Moon and Spencer page 7 equation (1.29) gives a general form for the Stickel matrix associated with a
rotational system

* ok %
(D:(***j
001

and this is seen to agree with our last result above.
A look at the Steps of Section 7 (b):

Step (1) As noted above in Condition 1, the first step is to solve the following 2 equations for the
quantities f3, f2, g3 and R

h3(12) = fo(1) £2(2) R(12)°
h;%(12)/h3(12) = g3(12) R(12)?
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Step (2) These items are taken from Condition 2 above

R? = hy/fif,
M1 =1
M2 =1

Ms = g3(12) /(f2(1)f2(2))
Step (3) If R=1 works in step (1), then Q = 1. Otherwise compute Q from (3.9),
Yo (1/[ha*faR]) O {fa(@aR)} =-k1?/Q(123)
Step (4) Having Q, compute S from the Robertson condition
S(®) =H/ (f1f2f3QR?) "Robertson condition"
But f3 = 1 and R?f;f; = h; so this really says
S=[H/(Qhs)] =h:i*Q
Step (5) Find the rightmost two columns of the Stickel matrix,
[ a(l) b(1) c(1) ]
o =| d2) e2) f(2) S = det(®D)
g(3) h@3) i(3)
But in Condition 2 above (with a little Condition 3) we already know that
[ a(l) -1 ¢(1) J
® =| d2) 1 f(2)
a 0 1
and entries c(1) and f(2) are then determined by
- 83(12) = c(DIf2(Df2(2)] + f2)[f2(Df2(2)]
Step (6) In Condition 3 above this was the same as solving

1/Q(12) = (1/h1%) [ a(1) + d(2) ] + a (1/h5?)

(3.9)

(5.7)

(7.1)
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Example 1: toroidal coordinates revisited

This case has already been fully solved, but we shall do it again using the systematic steps outlined above
for rotational systems. From earlier work the following facts were obtained for the toroidal system,

hy = hy = a/[ch(&1)-cos(&2)] =>  hy =hy =aR? H = sh(&;)a’ R°
hs = a sh(&1)/[ch(&1)-cos(&2)] => h; = a sh(&;) R?

f1(1) = ash(&) g1(23)=1 R = [ch(&1)-cos(E2)] 2
f2(2)=1 g2(31) =a sh(&y) Q = a®[ch(&1)-cos(&2)]? = a*R*
f3(3)=1 g3(12) = a/sh(&y) ki® = (1/4)

We shall here pretend not to know the "blue facts" (6 lower left equations), but the earlier calculation of Q
and k1 will be utilized. Notice first that h; and hj are functions only of 12 and not 3, as expected. We use

here the symbol R = [ch(&l)-cos(éz)]'l/ % to distinguish it from the separation R below. And (in the blue)
the constant a has been moved from f5 over to g3, and also from g; over to f; -- the allocation of constants
1s immaterial.

Here then are all our Stickel calculation steps for rotational systems given above:

Step (1) As noted above in Condition 1, the first step is to solve the following 2 equations for the
quantities f3, f2, g3 and R

h3 = fl fz Rz
h1%/h; = gsR®

and these now say
a sh(&1)R? = fy f; R?
@R %)? [ash(&) R *]=gsR®
or
ash(&y) R% =f; f, R
aR?/ sh(&1) = gsR?.

The obvious choice is R = R and then

a sh(&) = f1(1) £2(2)
a/sh(&1) = g3(12) .

These imply that
fi(1)=ash(&)  f2(2)=1 g3(12) = a/sh(&1) R=R

and this agrees with the "blue data" above collected from earlier work. Done with Step 1.

49



Step (2) These items are taken from Condition 2 above

M]_ =1
M2 =1
Mz = g3(12) (f2(Df2(2)) = a/sh(&) / [a sh(&a)] = 1 sh*(&)

Step (3) This slightly painful calculation was done back in Section 3 with results

Q=a®R* ki? = (1/4)

Note that Q = h;* = (aR?)%.

Step (4
S =h%/Q =1
Step (5
a(l) -1 c(1)
@ =[d(2) 1 f(2) J
a 0 1

- g3(12) = c(D[fr(Df2(2)] + f2)[f2(1)f2(2)]
This last equation becomes

-a/sh(&1) = c(1)[ ash(&)] +f(2)[ ash(&y)]
N -1 = ¢(D[ sh*(&2)] + f@)[ sh*(&1)]
A solution is ¢(1) = -1/sh%(&;) and f(2) = 0. The ® matrix at this point is then

[a(l) -1 ¢(1) ] (a(l) -1 -1/sh?(&y) J
o =| d2) 1 f2) | =| d@) 1 0
a 0 1 a 0 1

Step (6

1/Q(12) = (1/h1%) [ a(1) + d(2) ]+ o (1/h3?)
which says

I=[a(1)+d@2)] +a(Qhs? .

Pick a(1) =1 and d(2) = 0 and g(3) = a = 0 to get the final matrix
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a(l) -1 -1/sh®(&y) 1 -1 -1/sh%(&)
) —[d(Z)l 0 ]={01 0 J
a 0 1 00 1

All these results agree with those found earlier and with Moon and Spencer p 112-113.
The 11 separable rotational systems of Moon and Spencer

Moon and Spencer in their fourth chapter (called Section I'V) review a set of 11 rotational systems which
can be R-separated. Evidently, if one tries to rotate the 21 conformal map 2D systems of their second
chapter, 10 of them fail to meet one or more of our three Conditions.

The hardest Step is computing Q, and perhaps there is a more elegant way to do than by brute force
from (3.9). (Of course Maple is happy to compute Q if it is given the f,, hy and R.) In particular, it is not
obvious why Q comes out being a constant times a power of R. The fact seems to arise since R is always
a power of some "atom" as shown in this partial table from Moon and Spencer Section III:

q (atom) hy? R Q
tangent sphere &12+§22 q-2 q-l/2 q-z
cardioid E12+8,2 q? qt q*
bispherical ch&;-coséz a’q? q'l/ 2 a’q 2
toroidal ch&i-cosé;  a’q? q 2 a2q2  // differ in hs
inverse prolate ch?¢;-sin®¢;  see M&S q-l/ 2 q?

The atom appears first in the scale factors and then propagates to R through our Step 1. The fact that Q
and the scale factors are both powers of the same atom is what allows Condition 3 to be met with o= 0,

1/Q(12) = (1/h12) [a(l)+d2)]+a (1/h32) .
Notice how this is satisfied in the cardioid case
q*=q’[a(1)+d(2)]

where then [ a(1) + d(2) ] is taken to be the atom itself, g, to get q* = q*. In most other cases the two
powers match and we just take a(1) =1 and d(2) = 0.
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11. Separation of the Schrodinger equation.
(a) Schrodinger meets Helmholtz

The time-dependent Schrodinger equation of non-relativistic (no spin) quantum mechanics has this form
for a single point particle existing in 3D space under the influence of a potential V,

FY = iho Y ¥ = Y(r.t) (11.1)
where
H# =KE+PE =p*2m+V =(-iAV)?2m+V =-(H/em)VZ+V . (11.2)

#€ is the Hamiltonian, the sum of kinetic and potential energy for the particle. Here we have used the
quantum mechanical "rabbit in the hat" fact that p = -iAV, which is to say, the classical particle
momentum p is represented by operator -iAZV in "coordinate space" r. This results in F€ being a

differential operator as shown. The solution ¥(r,t) is called a wavefunction, and the probability of the
particle being in some small volume dr at time t is |¥(r,t)[*d>r.
Assuming a monochromatic time dependence for ‘P,

Y(r,t) =y(r) e iot => oc? (r,t) = (-iw) ¥ (r,t) (11.3)
equation (11.1) becomes

FY = in((-iw) P(r,t) =ho P(r,t) .
Defining E = #iw, one finds

JY = EY E=ho .
Assuming that V(x,t) = V(x), then # does not involve t, and the above equation becomes

Fy(r) = Eyz(r) (11.4)

which is known as the time-independent Schrodinger equation. The energies E and solutions yg are thus
the eigenvalues and eigenfunctions of the differential operator € subject to some kind of boundary
conditions. It is traditional to refer to these eigenfunctions as "eigenstates" or just "states", while the
eigenvalues are called "eigenenergies" or "energy levels". The continuous energy E of a classical particle
ends up being "quantized" into these allowed eigenenergies. Of course the spectrum of E depends on the
boundary conditions of the particular problem and might be discrete, continuous, or both.
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Putting (11.2) into (11.4),

(- B2V32m + V)y = Ey
(V2 - 2mV/h)y = -2mE/hy
(V?+ 2Em/A - 2mV/h)y =0 .

One can now define a scaled potential ¢ and replace constant E with constant K2

¢ =- 2m/h)V K12 = 2m/h)E (11.5)
to get
(V2P+K2+0)y=0 . (11.6)

And so the Schrodinger equation has become our Helmholtz equation with the addition of the scaled
potential term .

(b) Separation of the Schrodinger Equation in Curvilinear coordinates
The previous section showed that the Schrodinger equation can be written as
(V2 + [K2% + ¢(123)]) w(123)=0 . (11.6)

Tracing through our "processing of the Helmholtz equation” in Sections 3 and 4, we find that the K;?
term just "sits there" all the way through, and we end up with this new version of (4.4) in which K12 is
replaced by K12 + o,

-Za(1/had)gn +k1%/Q + K2 +9=0 . (11.7)

This suggests, following Morse and Feshbach, that the most general form for ¢ which would allow
separation is this

¢(123) = Zp sa(n)/ha” (11.8)
and putting (11.8) into (11.7) gives
- Za(1/ha?)(qa-sn) +k1%/Q + K2 +9=0 . (11.9)
We shall now modify (4.5) and introduce the Stickel matrix this new way (a new LHS)
oS = [ K1 @n1(n) + ko’ @na(n) + k3’ @ns(n)] n=1.23 (11.10)

and then (11.9) becomes (multiplying through by Q)
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- 2n(Q/hp?) [ K1%®p1(n) + ka?@na(n) + k3’ Dpsa(n)] +ki? + QK4% =0 (11.11)

which is identical to equation (4.9) and (5.1). One therefore solves for the Stickel matrix exactly as
before. Recall that the problem of finding the Stickel matrix @ is based only on this equation.
What about the separated equations? The most general self-adjoint form is still as in (4.2),

LaXn = (1/f2)0n[fa(0aXa)] + qnXa =0 (4.2)
and replacing gy from (11.10) gives

LoXn = (1/£2)a[fa(0aXn)] + [ k1°@a1(n) + k2> @na(n) + k3’ ®p3(n) + sn(n)]Xpn = 0 (11.12)
which is the same as before but with the extra potential function sy(&,) as shown.

Summary: In order to achieve separation of the Schrodinger Equation, the potential must have the
restricted form ¢ = Xy, sy(n)/hyshown in (11.8). This leads to the exact same Stickel matrix problem we
had before, and the separated equations are the same as before but with an added s, term from the

potential. Since the Schrodinger E parameter is normally not 0, and since K1 = (2m/A)E, the Stickel
matrix problem is that for the pure Helmholtz equation with K12 # 0. We know from above that we can

only achieve simple-separation (R = 1, Problem A) for the Helmholtz equation, and that only happens in
the 11 classical curvilinear systems. In their review of these 11 classical systems on pages 656-666, for
each system Morse and Feshbach state the most general form the potential can have ( "General form for
v".

(c) Central potentials and the hydrogen atom problem

The most famous instance of the Schrodinger Equation separation discussed here occurs in spherical
coordinates where the potential V(r,0,9) is taken as V(r), known as a central potential. This potential
meets the requirement of (11.8) where h1= 1, s1(1) = V(r), and s2(2)=s3(3)=0 where 123 = r0¢. Thus,
only the separated equation for r (the "radial equation", (11.12) for n=1) has a modification from the pure
Helmholtz case. If the spatial region includes all 4x steradians of angle, then the 6 and ¢ separated
equations yield the usual spherical harmonics Yem(0,¢) in which the two separation constants k,? and k32
have been shuffled into £ and m, both forced to certain integer values: €=0,1,2... ( to make Y¢, finite at 0
=m) and m = -£..¢ (to make Ye, the same at ¢ = 0 and 27) . When dimensionless separation constants get
forced to certain discrete values, those values are traditionally called "quantum numbers".
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A particular example is the hydrogen atom problem where V(r) = -|e|*/r and the solution is then the
solution to the radial equation R(r) times the spherical harmonics. Only € appears in the radial function
along with K1 ~ Ey. Specifically, one finds this wavefunction solution to the hydrogen atom problem,

\|I(I’,9,(p) = Rne(r) Ylm(ea(P)
where (see Schiff p 93)

Rud(r) = constant * pt L2 «(p) e /2 p=(2/n)(r/ag) LPq = associated Laguerre
ao=h?/(ue?) = Bohr radius u = "reduced mass" of electron le| = charge on electron
En = -¢%/(2a0)/n® = eigenstate energies n=123.. €=0,1...(n-1)

A third quantum number n has appeared, and it arises from the need for the wave function y to be

normalizable such that _[ d’r |y(r,0,9)* = 1, meaning the probability of finding the electron somewhere in

all space must be 1. This requirement in turn creates a need for the power series expansion for the
function L to truncate at some maximum power, and that power is related to n. Then function L becomes
a polynomial, known as an associated Laguerre polynomial. The exponential factor ¢™?/2 can then
overwhelm the polynomial at large r ~ p no matter how large n gets, providing normalization.

We can look quickly at a few solutions: ( = states = orbitals)

With n=1 we have é=m=0 and the energy E; is the most negative of all the E,. This spherically
symmetric state is called 1S and is the hydrogen atom "ground state".

With n =2 we get £ = 0,1. The (=0 (m=0) case gives a spherically symmetric state (called 2S) while
the ¢=1 cases with m = -1,0,1 are usually linearly combined into three perpendicular dumbbell shaped
states called 2Py,y, ;. All four n=2 states have the same energy E; in this non-relativistic model.
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12. Separation in Ellipsoidal Coordinates

The ellipsoidal coordinate system is the most complicated of the classical curvilinear systems and
provides a good exercise in applying the apparatus of the previous sections. We shall make use of some of
the equivalence operations of Section 6, and shall end up with three separated equations. The good news
is that the three separated equations turn out to be identical, a fact traceable to cyclic symmetry of this
system. The bad news is that all of the Stickel matrix elements are non-zero, so the two separation
constants are fully entangled into each separated equation, precluding a simple 1D Sturm-Liouville type
solution except in very simplest cases, one of which is quoted below.

This section is not meant to be a complete monograph on ellipsoidal coordinates. Enough facts are
given to hopefully make the reader comfortable with this system and to support the calculations below.
See Morse and Feshbach for full details.

(a) Some details about ellipsoidal coordinates

Conveniently, our generic variable names &;, &, & match the notation of Morse and Feshbach's
ellipsoidal coordinate discussion. In this system the level surfaces (§,=constant) are ellipsoids and certain
hyperboloids. The ellipsoids are the surfaces of constant &; and have this equation in Cartesian space,

x3/(E2- %) +y (&2 b7 +22ED) =1, (12.1)

which is an ellipsoid centered at the origin. The largest semimajor axis of this ellipsoid is obviously &3,

and the other two semimajor axes \/élz- a® and \/E12- b? are smaller. The quantities a and b are focal
distances associated with the x and y directions. Here are crude pictures showing slices of this ellipsoid in
the x=0, y=0 and then z=0 plane:

y=0 plane
x-Z plane
ellipse is vertical

y-z plane
ellipse is horizontal

z=0 plane
x-y plane
ellipse is vertical

Assuming an eye position such that the +x axis is "up", as these pictures are drawn, then the left and
middle pictures show that

b is the focal distance of the horizontal ellipse = the intersection of the ellipsoid with the x=0 plane.
a is the focal distance of the vertical ellipse = the intersection of the ellipsoid with the y=0 plane.

Notice that both these focal distances are along the z axis. The right picture then shows the other vertical
slice ellipse= the intersection of the ellipsoid with the z=0 plane. It will be assumed that a > b.
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Sweeping &; through some range produces a family of ellipsoids, each labeled by its value of &;, the
longest semimajor axis length. All these ellipsoids have the same a and b focal distances. For this reason,
such a family of ellipsoids is called "confocal".

As &; gets very large, the ellipsoid gets long in the z direction, and has the shape of a cigar whose
cross section is elliptical. The lower limit for &; is a, since a semimajor axis cannot be smaller than a focal
distance (and a is the larger of the two focal distances). If &; = a +¢, the ellipsoid is crushed vertically, lies
close to the x=0 plane, and looks a thin elliptical cookie.

The upshot is that one must have a < &; <.

The other two surface families (those of constant &, and constant &3) are types of infinite
hyperboloids. Here are some graphs showing one surface of constant &; (left) and one of constant &3

(right),

These hyperboloids are not surfaces of revolution, they are generally asymmetric, though these pictures
don't make that clear. The surface on the left is called a one-sheeted hyperboloid and the one on the right
two-sheeted. The pictures show that the coordinates &, and &z also have certain legal ranges, and these

ranges can be summarized as follows:
0<&<b<g<a<g; (12.2)

These hyperboloid families are also "confocal" in the sense noted above.

Replacing &; in (12.1) by &, or &3 gives the other two level-surface equations. It is the fact that one or
two of the terms in (12.1) then change sign, according to 12.2, that causes these surfaces to be the one and
two sheeted hyperboloids. In fact, the three coordinates &% for n=1,2,3 can be regarded as the three
solutions of equation (12.1) written with &;—&g and treated as a cubic equation in &,2. One could in this
manner find (§1,62,E3) for a given (X,y,z), though the expressions are quite ugly. It is much easier to go
the other direction using (12.3) below.

The ellipsoid family intersects these two hyperboloid families such that everything is at right angles --
this is an orthogonal coordinate system! Here is an attempt to show one member of each surface family in
the same drawing: ( We call this picture "the Q Bomb", in fond memory of The Mouse that Roared.)
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Examination of the Q Bomb shows that the surfaces labeled by &;, &2, &3 intersect at 8 places in Cartesian
space. These locations are given by (+x, +y, +z) where

x? = (£1%-a%) (E2°-a%) (E3%-2%)/ [ a®(a®-b?)] = +--/+ =+
y? = (E22-b?) (E2%-b%) (&3%-b7)/ [ b*(b2-a?)] =++-/-=+ //=x*(acb)
7 =E18285/(ab) =+ +++=+ (12.3)

The quantities on the RHS's of these equations are all positive.
(b) Notation and comparison to that of Morse and Feshbach

Right off the bat we are going to make a notational change to our separation machinery. Recall that in
Step 1 of our solution method we are supposed to analyze equations (3.5),

(H/h1?) = f1(1)ga(23) R?
(H/hz?) = £5(2)g2(31) R?
(H/hs?) = f3(3)gs(12) R? . (3.5

We replace f(n) by Fn(n), in order to use fy(n) for another purpose, so the new equations (3.5) read,
(H/h1%) = F1(1)g1(23) R?

(H/hz?) = F2(2)g2(31) R?
(H/h3%) =F3(3)gs(12) R? (3.5)

58



and of course we make this same change in all our separation equations where the fy(n) appear. The
reason for doing this is to try and maintain compatibility with the notation of Morse and Feshbach
regarding ellipsoidal coordinate separation, so we will use f, for their purpose (see Morse and Feshbach p
512 5.1.35), which purpose is the following set of definitions:

BP= @62 =+ = Gi=(EhEY) =+
B = (G0 &) = -+ =- G2=(67- &) =
2= (&%) 82 b%) = -- =+ G = (G- &) =+ (124

These Gy functions have nothing to do with G, functions we used in Sections 8, 9 and 10. What we have
here are Gn(#n) type functions, such as G1(23). [ Gn is another Morse and Feshbach notation, p 512
5.1.37. ]

Running down the lines above, everything is seen to be nice and cyclic. However, the inequality chain
in (12.2) gives expression signs as shown to the right above. One implication is that f, must be imaginary,
and then we have to worry about branches and factors of +i and such things. We don't like having
imaginary stuff floating around unnecessarily, so we now introduce some new italicized capital F and G
functions as follows (notice the minus signs in front of f22 and Gy )

Fa? =+ (& a®)(&%b%) = £ Gi=+(&*- &%) = G
Fo’ =—(&"-a")(&"b%) = - f° Gy =- (&% &%) =- Gz
Fs® =+ (&%a")(&" b)) = £ G:= +&a* &%) = Gs . (12.5)

All the F,? and G, quantities are positive and have unambiguous square roots. Note by the way that both
functions f,, and F, are of the functional form type f,(n) and Fy(n).

Finally we are ready to write down the ellipsoidal scale factors hy. In terms of the f; and G; functions one
finds these unpleasant looking forms (e.g., Morse and Feshbach page 663),

h1? = -G,Gs/f; 2 hy =+/-G2Ga/f1? (12.6)
hy? = -G3G1/f52 hy =~[-G3G/f22

h32 = -G]_Gz/f32 h3 = ‘\'-G]_Gz/f32 H= h1h2h3 = ’\/—G22G22G32/(f12 f22 f32 )

We hope the reader feels as uncomfortable as the writer about scale factors that are not obviously positive
real numbers (though of course they are). We prefer to write the above our using our non-Morse and
Feshbach symbols which are all positive quantities,

hi? = G,Gs/F,2 hy =+/G,Gs / Fy => ha? = G1G,G3/( GaFn?)
hy? = G3G1/F,2 hy =4/G3G1 / F;
h32 = Gle/F32 h3 = ‘\'G]_Gz / F3 H= h1h2h3 = G1G2G3/(F1F2F3)Z

(H/h1?) =[G1G;G3/(F1F2F3)] / [G2Gs/F1% ] = GiF1/ (F2F3)
(H/hz?) =[G1G,Gs/(F1F2F3)] / [G3G1/F3% ] = GF2/ (F3F1)
(H/h3%) =[G1G3G3/(F1F2F3)] /[G1G2/F3% | = G3Fa/ (F1F2) . (12.7)

59



All the equation sets in (12.7) are cyclic.
(c) Running through the Steps of Section 7 (b)
Step (1) As noted above, the first task is to solve (3.5) for the 7 functions Fy, g, and R

(H/h1%) = F1(1)g1(23) R?
(H/hz®) = F2(2)g2(31) R? =>  (H/hy?) =FngaR?
(H/h3?) =F3(3)gs(12) R? (3.5)

We know the ellipsoidal system is a classical system that allows simple-separation for Helmholtz so R=1.
The left sides of the three equations above are provided in (12.7) to give

G1(23)F1/ (F2F3) = F1(1)g1(23)
G2(23)F2/ (F3F1) = F2(2)g2(31)
G3(23)F3/ (F1F2) = F3(3)gs(12) .

A visual "functional form inspection" of these (again cyclic) equations tells us what we need to know:

F]_ = Fl g1(23) = Gl(23)/(F2F3)
Fz = F2 g2(31) = G2(31)/(F3F1) == gn = GnFn/(F1F2F3)
F3=F3 23(12) = Gs(12)/(F1F2) (12.8)

So the F functions turn out to be exactly our separation functions F, and we can now dispense with the F.
We can now collect our "data" from (12.7) and (12.8) into one place, using (-1)®"* to handle the minus
signs for the case n=2,

ha? = G1G3Gs/( GaFa?) H = G1G;G3/(F1F;F3) Gn=(-1)*"'Gy
Fo? = (-D)?! (Ea*-a®)(&-b?)  gn=GaFu/(F1F2F3) (12.9)
H/ha? = GuFn?/(F1F2F3) go/H = GoFy/ (G1G,Gs)
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Step (2) The three first-column cofactors of ® are, from (5.8) and (12.9),

Mg = gaFn/(F1F2F3) = {GpFo/(F1F2F3)} Fo/(F1FoF3) = Gu Fo?/ (F1%F,%F;3%)
or
M; = Gy/ (F2°F3?) =- G1/(f22f3%)
Mz = Ga/ (F3°F1%) =- Go/(f3f1?)
Ms = Gs/ (F1°F2?) =- G3/(f1%f,%) (12.10)

Step 3) R=1=>Q=1.
Step (4) Knowing Q, one can compute S from the Robertson condition,
S(®) =H / (F1F,F3QR?) "Robertson condition" (5.7)
= H/ (F1F2F3) = [G1G2G3/(F1F2F3)] / (F1F2F3)
= G1G,G; / (F1%F2%F3?) = G1G,Gs/(f12f2%f5%) (12.11)
Step (5) The next step is to find the rightmost two columns of the Stickel matrix,
[ a(l) b(1) c(1) j
o =| d2) e2) f(2) S = det(®) (7.2)
g(3) h(3) i(3)

One can do this by solving the following equation set, using the My, found in Step (2),

M = e(2)i(3)-f(2)h(3)
-M; = b(1)i(3)-c(1)h(3)
M3 = b(1)f(2)-c(1)e(2) (7.2)

G1(23)/F2F3? = ¢(2)i(3)-f(2)h(3)
-G2(31)/F3%F1? =b(1)i(3)-c(1)h(3)
G3(12)/F12F22 = b(1)f(2)-c(1)e(2)

G1(23)/F22F32 = ¢(2)i(3)-f(2)h(3)
G2(31)/F32F1? =b(1)i(3)-c(1)h(3)
G3(12)/F12F22 = b(1)f(2)-c(1)e(2)

(£2°- £3°)/F2%F37 = ¢(2)i(3)-f(2)h(3)
(&32- E1%)/F3%F1® = b(1)i(3)-c(1)h(3)
(E12- £2D)/F1%F22 = b(1)f(2)-c(1)e(2) .

Unlike all our previous examples, both terms on the RHS's of these equations are activated and come into
play. Looking at the first equation, one can try the following choices,
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e(2)=s&"/F2" i(3)=s/Fs? f2)=tF%  hG)= t&%Fy?
where s and t are signs £1 to be determined below. The second and third equations then become

(E32- £1%)/F3%F12 =Db(1) * s/F3®-c(1)* t&3%/ F3?
(E12- E22)/F12F,% = b(1) * /F5%-c(1) * s&,%/F 42

Try b(1) = u&1%/F12 and ¢(1) = v/F1? where u and v are two new signs,

(&32- EL®)F3%F1? = u&i®/F1® * s/F3? - v/F12* t &%/ Fy?
(E12- £2D)/F1%F 22 =u&12/F12 *t/F,? - v/F1® * s&%/F,?

(§32' 512)/1:‘32];12 =us§12/F12F32 - vt 532/ F32F12
(E2%- &2%)/F1%F2% = ut &4%/F1%F,% - vs &%/F1%/F,?

us = -1 -vt=1
ut= 1 vs=1 .

Picking one sign s = +1 we find

u=-1 -vt=1

ut= 1 v=
then

u=- -t=1

-t= V=

and everything works. The solution is this

b(1)= ué&i%/F,? c(1) = v/F,?
e(2) = s&2/F,3 f(2) = t/F,2
h(3)= té&;%/ F3? i(3) = s/F3?
b(l)= -&°F1% = -&%Mh° c(1) = 1/F1% = 1/f,?
eQ)= &F? = -&UE? f(2) = -1/F,2 = 1/£,?
h(3)= - &%/ F3® = - &°/f3? i(3)= 1/F3? = 1/fy?

and we now have the rightmost two columns of the Stickel matrix

a(1) b(1) (1) a(l) -&%f% 1/£2 a(l) 112 &%
O =[ d(2) e(2) f(Z)] =| dQ@) &R UL | = | dQ) UL® &7 (12.12)
g(3) h(3) i(3) g(3) -&4f% 1/£52 g(3) 1/f5% &3%/f5°

To get to the rightmost form, we have used the Section 6 equivalence rule which allows us to swap the
last two columns and then negate one of them.
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Step (6) Find the first column of the Stickel matrix by solving (7.6) :
1/Q = a(1) (1/h1?) + d(2) (1/h2%) + g(3) (1/h3%) (7.6)
1 =a(1) F1%/ G3G; + d(2) F2%/ G3G1 + g(3) F3%/ G1G;
G1G,Gs = a(1) Gy F12 +d(2) GoF,? + g(3) GsF3®
—G1G,G3 =a(1) Gy f12 +d(2) Gof? + g(3) Gafs?
This formidable-looking equation has at least two solutions. The first is this

a(l) =& "/’

d@) = &/’

g3) =&*/f? (12.13)
which we can verify by showing that

~G1G,Gs =a(1) Gy 1% +d(2) G2fz* + g(3) Gaf3”

~G1G2Gs3 = £1%G1 + & G2t &%Gs ? (12.14)

— (6% 67 G 6 (G- &Y = &G &) +E&E- L) & G &) 2

— (X2- X3) (X3- X1) (X1- X2) = X12(X2- X3) +X2° (X3- X1) + X3° (X1- X2)  ?
Expansion of both sides into 6 terms shows this last equation is true, so the question marks can be

removed.
The other solution is this,

a(l) =1
d2)=1
g3) =1 (12.15)

which can be verified by showing that
—G1G,G3 =a(1) Gy f12 +d(2) Gof,% + g(3) Gafs?
—G1G2G3 = Gy f1? + Gofa? + Gsfs? ?
—(&2%- &%) (&7 &) (E1%- &°) = (&2 &?) (E*-a”)(&2-b?) + cyclic ? (12.16)

It seems hard to imagine how (12.16) can be true since the RHS depends on a and b while the LHS does
not! But let's examine the coefficient of a* on the RHS
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coeff(a?) = - (&2"- &%) ( &2”-b%) + cyclic
=-[&°(&" &°) + eyclic] + b*[(E2°- &%) + cyelic ]
But both square brackets vanish due to the following two trivial theorems valid for any function f

f(H[(2) - f(3)] tcyclic=0 // makes first [| = 0 in the line above
[f(2) - f(3)] tcyclic=0 // makes second [] = 0 in the line above . (12.17)

Thus coeff(a®) = 0 and similarly coeff(b®) =0 . In other words, the RHS of (12.16) depends on neither a?
nor b?, despite appearances. Thus one can select any value of a® or b® to evaluate the RHS. If one takes a*
= £,2 and b? = &3, then both the terms that make up "+ cyclic" in (12.16) vanish because each of those
terms then has a zero factor. Then the RHS of (12.16) becomes

(€22- &)(E? 82 (E12- &) = (E2°- &G E2)(E2- &) =- (G2 &) (&2 )& &)
But this matches the LHS of (12.16), so we can erase the question marks above.

Installing the first solution (12.13) gives this for the full Stidckel matrix,

a(1) b(1) c(1) a(l) Uf? &%/1° g2 Un® gl
@ :( d(2) e(2) f(2)] ~ | dQ2) Uf? &26% | = | &Y6R2 1R &¥62
g(3) h(3) i(3) g(3) 1/f5% E32/f52 E3Y152 V% E3%/652

where f12 = (&1%-a%)( &1%-b?) (12.18)
f2% = (&2%-a%)( &2%-b?)
f3? = (&3%-a%)( &2-b?)

Let's calculate the first column cofactors of this result. They are ( cofactor = (-1)*** minor )
M1 = (1/£2%)(E32/f52) - (E22/622)(1/F3%) = (E32- £22) / £.%63% = (- G4/ f2°F3%)
M, = (1/£5%)(E°/12) - (G = (G2 &%)/ 15°1% = (- Go/ £5,°1?)
Ms = (1/f1%)(E22/622) - (E12/F12)(1/6.%) = (E22- &12) / 12622 = (- G/ f2°F3%)
and these results agree with (12.10) in Step 2 above. The determinant should be
S = (&1¥/f1H)My + (& /6H)M; + (E3*/f35)M;

= (&a*11%) (- Gu/ £2%6:%) + (E2*/£27) (- G/ £3%£2%) + (E3*/F2%) (- G/ £2%£57)

= {&* G1+ &G + &G} /(222237 .
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But we showed in (12.14) that { &1* Gy + £2*G2 + £3*G3} = — G1G2G3 so we find that

S = G1G2G3/ ( f1%f%f32)
which agrees with Step 4 result (12.11) above. So we know this Stickel matrix is valid.

Our result (12.18) agrees with Moon and Spencer page 41, but the agreement is a bit hard to see
because Moon and Spencer use the following mapping of our symbols which then hides the cyclic nature

OfthingS: a—¢, éla é2a &3 -, e: A.

Step (7) Finally we get to do a Step 7! First, we will use our second solution (12.15) for the Stéckel first
column and write

a(1) b(1) (1) a(l) 1/fi% &%/f° 1 Uf? &%f2

O =| d2) eQ) f2) | = | dQ) UfR* &% | ~| 1 1/£% &6° (12.19)
g(3) h(3) i(3) g3) Uf? &%/5° 1 Ufs? &%

which by itself is not such a bad Stickel matrix. But there is a simpler form that Morse and Feshbach

quote and we will use our Section 6 equivalence rules to "get to it".

In the (12.19) @ matrix above add (-b?) times the second column to the third column. The new third
column top row entry is

G067 -0 = (@MDR? = (&b [(Ea-a®)( & b)) = 1/(E -a?)
and the equivalent ® matrix is now
1 1/f12 1/(E1%-a%)
O ~ | 1 Uf? 1/(&32-a? (12.20)
1 1/f52 1/(&3%-a%)

Now add - (a2-b%)™* times the third column to the second column. The new second column top row entry
is

Vf? - 1[(E%a%) (@*b%)] = 1/[(&-a®)(&?-b%)] - 1/[(E:%-a%) (a®-b%)]
= (& *a®) * { /(&7 - 1/(ab?) } =
= (&®a®) * { (a®-b%) - (&b }/ [(&%-b?) (a®-b%)]
= 1/(&%a%) * { (a® &)}/ [(&°-b?) (a>-b7)]

= -1/ [(&%-b%) (@*-bM)] .
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The new equivalent ® matrix is then

I -1/ [(&2-b%) (a*-b%)] 1/(&7-a%)

[lwmﬁwWEHMW#W
1 -1/ [(&5%-b%) (2%-b%)] 1/(&3%-a%)

Now we reuse another one of our rules: swap the last two columns and then negate one of them,

1 1(E%a%)  1/](&2-b?) (a%-b?)]
1 1/Es2%-a?) 1/ [(&52-b?) (a-b?)]

o =

I 1(E2a?) 1/ [(E2-b) (a®-b%)]
[ ] S = det(®) (12.21)

and this form agrees with Morse and Feshbach page 663:

A
@ —ay (B- 0@ =
L I
A=Y = & - o9 = 9
R T W
®=a) (8- )@=m

(d) Summary of Results

Step 1: The functional-form solution to (3.5) is :

F]_ = Fl g1 = Gll(F2F3)
F2 = Fz g2 = Gz/(F3F1)
F3 = F3 g3 = G3/(F1F2)

Step 2: The first column cofactors are
Ml =- Gl/f22f32
M2 =- Gz/f32f12
M3 =- G3/f12f22
Step 3: Q=1sinceR=1
Step 4: S = det(D) = G1G,G3/(f1%F5%f32)
Step (5): Use the cofactor information to obtain the rightmost two columns of a ® matrix and get
g g
a(1) b(1) c(1) a(l) 1/f1% &%/f°
O =| dQ) e?2) f(2) ~ | d@2) 12 &2/f,2
g(3) h(3) i(3) g(3) Ufs? &%/,
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Step 6: Obtain two alternative solutions for the first column entries:

a(l) =&*/f° a(l) =1
dQ2) = &%/f;2 d2)=1
g(3) =&Y/’ o(3) =1

Use the first solution to obtain the ® matrix of Moon and Spencer:

&6 UR? &°/6°

&40 VR &R’
o = e , 20tz // Moon and Spencer page 41
E3°/f3° 1/f3% E3°/f3

(12.18)

Step 7: Use the second solution and do some equivalence operations to obtain the @ matrix of Morse and
Feshbach:

1 UE%a®)  1/[(&%b?) (a®-b?)]

® =~ ( 1 1/(&2%a%)  1/[(&2-b?) (a®-b?)] J // Morse and Feshbach page 663
1 1/(&%a%)  1/[(&2-b?) (a®-b?)]

(12.19)

Notice that in all our Stickel matrices, the three rows are identical except for the coordinate label.
(e) The separated solutions: Lamé functions

Any of these Stickel matrices may be used to obtain the separated equations of the Helmholtz equation,
which are (4.8) with k3= K; . Thus,

(V*+K:?)y =0 ¥ = X1X2X3

LuXn = (1/Fn)0n[Fa(0aXn)] + [ Ki®n1(n) + ko®@na(n) + k3*®n3(n)[Xa=0 n=1,2,3
or
LiX; = (1/f1)01[f1(0:X1)] + [ Ke?®@11(&1) + k2®D12(81) + ka®@13(E1)]Xi =0 i=1,2,3 (12.22)

In the second line, we can think of f2 = +i F, and then the +i's cancel up and down. ( We have changed
the index from n to i, because n will have a completely new meaning below. )

Because the three functions in each row of @ are different and non-zero, one finds that the separation
constants k,® and k3 are "fully entangled" in each separated equation. Also, and most impressively, we
find that each of the separated equations is the same equation, and so has the same solutions, because the
three rows of @ are the same apart from the coordinate.

Using the Morse and Feshbach (12.19) form of the @ matrix, one can install the ® functions into
(12.22) to get

LiXs = (1/f3)01[fi(0:X1)] + { Ka® + k2?/(E5%-a%) + ka?/ [(E:2-b*)(@-b%)] } X5 =0 (12.23)
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where f;% = (&;2-a%)( &32-b%)

which appears as in Morse and Feshbach (5.1.37) with K12 — k2.
The solutions X; are Lamé functions, and the "ellipsoidal harmonics" are products of three Lamé
functions

¥ =X1X2X3 ~ [En”(81).Fa®(§1)] [EaP(E2).Fa®(82)] [ExP(E3).Fn"(83)] (12.24)

where E and F are first and second kind Lamé functions, somewhat analogous to the Legendre P and Q
functions. The two separation constants k22 and k2 have now been shuffled into the function parameters

n and p which one sees are fully cross-linked between the three factors of each harmonic.

The n values get quantized to be integers n = 0,1,2,3... and for each value of n, there are certain
peculiar quantized values of p for which normalizable solutions exist. Moreover, solutions E,® can be
partitioned into four classes called K;®, L,®, M,P, N,® which have these forms (each series truncates)

Kop(x) = 1 [x*+ax™2+px"*+.]
Ln,p(x) = \/sz [x™1+ax™ 3+ Bx™° + ]
Mp,p(x) = A/x*-a® [ x* T+ ox™ 2 + Bx > + ]

Na, p(x) :\/m \/W [x*2+ox™ %+ px %+ ]

where o, are generic constants, different on each line. These E,P functions are all quite simple, having
the usual Frobenius form (x-x)" Z4 ijj where xg is a regular singular point of the ODE. In our case, r =
1/2 and the regular singular points are +a and +b.

The functions may be simple, but the theory underlying them is quite complicated, though each
element of the theory is reasonably straightforward. Here are a few E,® functions taken from Byerly for n
=0,1,2and 3 (a,b are here c,b ):
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Ey(x) Ey(x)

Kyx) =1 Kyx) ==
Lyx) =0 Ly(x) = ‘v':r’;ii*
My(x) =0 M(x) = Var— ¢
Ny(x) =0 Ny(x) =0

Ey(x)

Ep(x) =at — } [0+ & — V(& + ) — 30%°]
Ep(x) =2 — } [0+ ¢ + V(& + &) — 30¢°]
Lyx) = aVr — i

My(x) =aVa' — &

Ny(z) =V(&®— M@ —¢)

Ey(x)

Kp(z) =2t —E[2(0 + ) — VA@ F & — 150¢]

Kp(x) =2'—Z[20+ ¢) + VA + 6 — 156

Ig(x) = V& —oat— }(B* + 26 — V(I + 2¢)* — 55°¢%) ]
L) =Vab — 02 — } (B + 26 + V(F + 2¢) — 5°c)]
Mp(x) = VaP — éfaf — J @0 + ¢ — V(2 + ) — 5°)]
Mp(z) = Vot — @[zt — } (20 + & + V(28 + &)} — 5b%") ]
Ny(z) =aV(@ —b)@" — )

Notice in Byerly's table that there are always (2n+1) solutions for a given n. Hobson considers conical
coordinates (r,u,v) and shows that the harmonics in that system are r™ E,P(W)EnP(v) which can be
compared to 1™ Yun(0,¢) in spherical coordinates. The linearly independent functions E,P(p) EnP(v) for
fixed n are thus linear combinations of the (2n+1) Ynu(0,9), and that is why there are (2n+1) E,P
functions. The label n is of course the quantum number associated with angular momentum. If one writes
the angular momentum operator L? in these two coordinate systems, one finds that EqP(u) ExP(v) and
Y an(0,9) are both eigenfunctions of L? with eigenvalue n(n+1).
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A classic problem in ellipsoidal coordinates is determining the electrostatic potential outside a
charged metal ellipsoid having label £;= ¢ and potential V. The solution is this (see Morse and Feshbach

p 1308 10.3.91)
v = constant * [Fo°(&1)] [Eo°(§2)] [Eo°(&3)] = constant * [Fo°(&1)] [1][1]
= constant * Fo®(&1) = constant * sn™*(1/&1,b/a) = Vo sn™*(1/E1,b/a)/ sn™*(1/c,b/a) (12.25)
where the sn™* is an inverse Jacobi function which is equal to the elliptic integral of the first kind,
-1 (i1  Tfain-l — Tfain-l o _ 1,2
sn” " (x,k) = F(sin""x,k) = F(sin""x | m) = F(sin""x \ o) k = sina m=k* .
Taking the limit c—a, y becomes the potential of a charged thin metal elliptical plate, and then taking
b—a vy is the potential a charged metal disk. These three problems, especially the first two, are quite
difficult to solve in any other coordinate system.
The reader interested in learning about Lamé functions luckily has a very excellent source: the 43-page
final chapter of a 1931 book by E.W. Hobson. Even in 2011 this chapter is crisp and clear, though there
are a few typos. The latter part of the chapter deals with the issue of expressing the ellipsoidal harmonics
in Cartesian coordinates.

(f) Comment on a missing minus sign on page 512 of Morse and Feshbach

Looking back at the start of Section 3, we had (take K32 — k12 for this subsection)

(V+k1)y =0
Za(1/H)a[(H/ha?)(@ay)] +ki?y =0 H = hihzhs (3.1)

For cases with R=1 we know from (3.5) that (H/hg?) = Fagn, so (3.1) may be written

%n (go/H) Ga[Fa(@ay)] +kiy=0 . (12.26)
From (12.9),

gn/H = GpFrn/ (G1G2G3) = - GoFn/ (G1G2Gs3)
and then (12.26) becomes

- 24 GoFr/ (G1G2G3) 8a[Fa(6ay)] +ki?y =0 . (12.27)
From (12.5) make these replacements in (12.27),

G]_F]_ Fl — Glfl.... f]_
Gze Fz — (-Gz)(ilfz) (ilfz) = szz.... fz
G3F3 F3 — G3f3.... f3
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to get
— %4 Gafo/ (G1G2Gs) Galfa(Gay)] +ki*y =0 (12.28)

where notice the minus sign on the LHS. We now compare (12.28) with Morse and Feshbach p 512
(5.1.37),

S (/" 'SR I l 2y = 0
2 (F— B - 8(E — 8 o [ at |+ e =0
h=(5H—8);, G=E-§), G=(E—-§8)

and we see that Morse and Feshbach should have a minus sign to the left of the large ¥ in the above
equation. Their Gy, are the same as ours in (12.4), defined cyclically. There is no disagreement about the

sign of k12 as this Morse and Feshbach quote from p 509 shows

§5.1] Separable Coordinales 509

The Stidckel Determinant. The general technique for separating our
standard three-dimensional partial differential equation

Vi + kY =0

This rare Morse and Feshbach sign error created much confusion for the author until it was detected.
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13. Stiickel Theory in N dimensions
Altered Development Equations

The generalization of the above analysis from N = 3 to N = N is completely straightforward, one can just
march down the development and make the necessary alterations. It seemed best not to do this initially to
keep things simple. Rather than create new equation numbers, we show the old ones and the reader can
assume that future references to these numbers in this section imply use of the equations as modified here.
We start at the beginning,

(V*+K1?)y =0

H™{ 61[(H/h1%)(81y)] + cyclic} + K12y =0 H =hihzhs.. hy
H? Tnc1’ an[(H/hnz)(an\V)] + Klz\lf =0 (3.1)
V= X1X2X3...XN/R . (32)

The "+ cyclic" notation now brings in N-1 other terms obtained by cyclic permutation of the first term.
Continuing on, we find

(H/[R*hs?]) = fa(n)ga(#n) n=123..N (3.5)
(1/R) Zae1™ [ (1/[ha*Xa]) (1/fa)Ba[fa { R(GaXn) - Xa(GaR) }] +K1? =0 (3.6)
Yne1 (1/[hn?faR]) On{fa(@aR)} = - k1%/Q(123) (3.9
Pac1™ (/[ha?Xa]) (1/£2)0a[fa(6aXn)] +k12/Q +Ki2 =0 (3.10)
SN (/hp?)ga +ki?/Q +K42 =0 . (4.4)

The Stickel matrix is now an NxN matrix defined in the obvious manner, and one has
qn(n) = [ k12®@n1(n) + ko?pa(n) + k32Dp3(n) + ... + ky*Pan(n)] n=123.N (4.5)

Lan = (l/fn)an[fn(anxn)] + [ Klqunl(n) + k22(I)n2(n) + k32(I)n3(n) +.ot kNZCDnN(n)]Xn =0
This represents a set of N separated equations, n = 1,2....N (4.8)

There are now N-1 separation constants ko2, k3....ky?, each a real number (possibly negative).

Recall that 112 is a stand-in for either the Helmholtz parameter K12 for Problem B (R-separation), or
the constant k1% associated with Q for Problem A (simple-separation).

The matrix equation (5.3) is the same, but the matrices are NxN. The solution of this equation is still
the Cofactor condition as in (5.6a),

Miu(P)/S(®) = (Q/hy?) n=1,2,3.N " Cofactor condition" (5.6a)
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The Robertson condition is slightly generalized now and says

S(®) =H/ (f1fafs...fy QR?) "Robertson condition" (5.7)
and then (5.8a) is similarly generalized

Mp = gufn/(f1fofs...fy) (5.8a)

1/Q = Zpo1™ (1/ha?) ®pi(n) (5.10)
Problem B recast at the end of Section 5 is this. Given

S(®) =H/ (fifafs...f5xQR?) // Robertson
Mg(®) = S(®) (Q/hs?) // Cofactor (5.11)

how exactly do we find the N? elements of @ ?
Equivalence Rules

The equivalence rules of Section 6 are slightly modified and their derivation just slightly more
complicated. It helps to have a 4x4 example for illustration:

Suppose we multiply one of the last N-1 columns by a and another by 1/a. . For example, doing this for
the 2nd and 4th columns gives

a ab ¢ do
e aof g h/a
i o k o

an o p/a

We know that if we take a matrix and multiply any column (or row) by a scalar a, the determinant gets
multiplied by a. So here we have done that once with a and once with 1/0 so the determinant S is
unchanged. Now consider the cofactor of a first column element. This cofactor is a signed minor with the
sign fixed by position of the element, and the minor is the determinant of a 3x3 matrix. By the same
argument just stated, this determinant is unaltered by having one column scaled by a and another by 1/a.
Therefore, the cofactors of the elements of the first column are unaltered by our scaling process.
Therefore this process generates an equivalent Stickel matrix. So we modify Rule (1) to read
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(1) multiply one of the last N-1 columns by any (nonzero) constant o,
and multiply another of the last N-1 columns by 1/a. (6.1)

Now what happens if we swap a pair of columns among the last N-1 columns and then negate one of
them? We know that this action does not change the overall determinant S, but by the same argument it
does not change any of the 3x3 minors involved in the four cofactors of the first column elements. Thus,
this action creates an equivalent Stickel matrix. So we have Rule (2)

(2) swap any pair of the last N-1 columns of ®@ and then negate either of these columns. (6.2)

Finally, what happens if we add a multiple of one of the last N-1 columns to another of the last N-1
columns. For example, let's add A times the last column to the second last:
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We know S = det® is unchanged. And once again, this operation does not change any of the minors of
the first column elements. So again we have an equivalence operation. Adding a multiple of one of the
last N-1 columns to the first is also OK since it changes neither S nor the My, cofactors. Rule (3) becomes:

(3) add any multiple of one of the last N-1 columns to a different column. (6.3)

Summary of Stickel Matrix Equivalence Operations for NxN matrices

(1) multiply one of the last N-1 columns by any (nonzero) constant a,

and multiply another of the last N-1 columns by 1/a. (6.2)
(2) swap any pair of the last N-1 columns and then negate either of these columns. (6.2)
(3) add any multiple of one of the last N-1 columns to a different column. (6.3)
Conditions

We generalize Section 7 (a):

Condition (1) Equations (3.5) must be solvable for the 2N+1 functions f;, g, and R. If some f;, is a
constant, set that constant to 1. For Problem A, set R=1.

(H/h1?) = fi(gu(#1) R? H = hihzhs...hy
(H/hz?) = £5(2)g2(#£2) R?

(H/hy?) = fu(N)gn(#N) R? 35)

Assuming equations (3.5) can be solved, compute the My, cofactors as follows from (5.8a)
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Ma(#n) = gafa /(f1fa...f) n=12.N (5.8a)

Condition (2) Equations (7.2) must have a solution. This is a set of N functional-form conditions, where
the M,, are as given above,

Mi(#1) = ...

—M2(7ﬁ2) = ...

M3(7£3) = ..

My(#4) = ... (7.2)
where the RHS's of these equations are the appropriate (N-1)x(N-1) minors. So the RHS of each equation
has N-1 terms each of which is the product of N-1 ® elements. We can write these expressions using the
totally antisymmetric € tensor having N indices:

det(®) =Zpabe.. €nabe.. Pn1 Paz Doz Des ...
=2n Om [Zabc. . €nabe.. DPaz Pp3 DPey.... ]
=2n OniMy
so that the above equations are these, where there are indeed N-1 ® factors in each term,
Mn(in) = z:abc. . €nabe. . CI)a2(a) cDb3(b) (Dc4(c)~'-- n= 172N .
As noted earlier, it is not obvious that, given the My, as stated in Condition 1, the non-first-column ®pp,
elements can be found to satisfy these N conditions due to the functional form restriction and due to
correlations between the equations since each ®ny, appears in N-1 equations.
Condition (3) If conditions (1) and (2) are met, we then do the work of computing Q and k12 from (3.9),
Yo (1/[ha®faR]) Oa{fa(@aR)} =-ki?/Q(123.N) . (3.9)

For Problem A, Q = 1 and k;? = 0 and no work is needed. Then with this Q expression, equation (7.6)
must have a solution for the first column ® elements,

1/Q = ®11(1) (1/h12) + ®21(2) (1/h2%) + ... + Don(N) (1/hy?) (7.6)

and this is another functional-form condition.
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Steps
We generalize Section 7 (b):

Step 0: Write down the hy, for the curvilinear system of interest and compute H = hihhs .. hy. Perhaps
write down other useful facts concerning the system of interest.

Step (1) As noted above, the first task is to solve (3.5) for the 2N+1 functions fy,, g, and R

(H/h1%) = fi(1)g1(#1) R? H = hyhzhs.. hy
(H/hz?) = £5(2)g2(#£2) R?

(H/hy?) = fu(N)gn( £N) R? 35)

This task is pretty much just one of "inspection" when the LHS's of (3.5) are inserted (assuming
Condition 1 that a solution exists! )

Step (2) Write down the N first-column cofactors from (5.8b),

Mn(#n) = gnfn /(f1f2...fx) n=12.N
Step (3) If Problem A, Q = 1. Otherwise compute Q and k12 from (3.9),

Yn-1" (1/[ha’faR]) Oa{fa(@aR)} = -k1?/Q(123) (3.9)
Step (4) Knowing Q, compute S from the Robertson condition,

S(®) =H/ (f1fafs...fy QR?) "Robertson condition" (5.7)

Step (5) Find the rightmost N-1 columns of the Stéickel matrix by solving the following N functional-form
equations for a viable set of N*(N-1) ®py, elements ( see Condition 2 above)

gn(#Fn)fa(n) /(f1(Df2(2)..£8(N)) = Zape. . €nabe.. Paz(a) Pp3(b) Dea(c).... n=12...N
Step (6) Find the first column of the Stickel matrix by solving (7.6) or (5.9)

1/Q(12..N) = ®11(1) (1/h1%) + ®21(2) (1/h3) + ... + Dae(N) (1/hy?) (7.6)
which is of course another functional-form equation.

Step (7) At this point, we may want to apply some of our Section 6 equivalence operations to obtain a
Stickel matrix @ that is of the simplest possible form, or of a form that matches the literature.

Examples? N=2 examples are given in the next section. We shall not work out any examples here for
N>3, but two candidates would be "hyper-ellipsoidal coordinates in N dimensions" and "hyper-spherical
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coordinates in N dimensions". In the first case the confocal hypersurface families would have N-1 focal
distances a1, a5, . . .. ay-1 and things are just a generalization of what appears in Section 12. For example,
the inequality chain (12.2) would be

0<&<ay-1 <&n-1..... az<&<a; <& .

For hyper-spherical coordinates &; would be the radial coordinate r, then &, through &y-1 are polar angles
01 through Oy-2, and finally &y is an azimuth ¢. It seems likely to the author that both these N
dimensional coordinate systems will be separable, but that is just a conjecture.

Non-Euclidian Stéckel Theory? For an orthogonal non-Euclidian curvilinear coordinate system one has a
diagonal metric tensor which contains elements of both signs. This means that some of the hy® (squared

scale factors) are negative and H might be negative. These facts should not affect the development as
presented above in this section.
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14. Stiickel Theory in N=2 dimensions

As noted earlier, Moon and Spencer deal with various 3D cylindrical systems each with its own 2D
orthogonal system in the &;,£2 coordinates. Moon and Spencer then state the nature of the Helmholtz and
Laplace solution functions in various scenarios, one of which is that the solution has no z dependence due
to an "extrusion symmetry" of the problem. This scenario yields separated equations for &;,&; which agree

with those we find below using the 2D Stéckel method, so Moon and Spencer provide a catalog of 2D
separated equations, even though they don't explicitly state the 2D Stéckel matrices.

It should be realized that the 2x2 Stickel matrix is not in general the "upper right 2x2 piece" of the 3x3
Stickel matrix for the corresponding cylindrical system. We cannot just "delete" the 3 coordinate in a
naive way, because in the 3x3 case 8, is an active part of V2. This fact will be demonstrated in the
second Example below.

We assume at first arbitrary h; and h, and then later specialize to h;= h,. There will be only one
separation constant, ko2,

We shall now restate the Conditions and Steps as given in Sections 7(a) and 7(b) for our case N = 2.
Conditions

Condition (1) Equations (3.5) must be solvable for the 5 functions f5,, g, and R. If some f, is a constant,
set that constant to 1. For Problem A, set R=1.

(ha/hy) = f1(1)g1(2) R? H = hih,
(h1/hz) = £(2)g2(1) R? (3.5)

Assuming (3.5) can be solved, compute the My, as follows :

My =g /f
Mz =gz /f1 (5.8b)

Condition (2) Equations (7.2) must have a solution. For N = 2 each first column cofactor is just a signed
multiple of an element in the second column, so then

_(a(l) b(1) _
Q‘Qmwﬂ § = det(®)
Ml = d(2) => d(2) = M]_ = g1 /fz
M2 =-b(1) = b(l)=-Mz=-gz /f;

Thus Condition 2 is satisfied in any N=2 system so we can ignore it, and we know that ® has the form

o (B5)-CH )
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Condition (3) If condition (1) is met, compute Q and k;? from (3.9),
Yne1® (U/[ha?faR]) 6n{fa(GaR)} =-ki?/Q(12) (3.9

For Problem A, set Q = 1 and k12 = 0 and no work is needed. Then with this Q expression, equation (7.6)
must have a solution for a and ¢

1/Q =a(1) (1/h1%) + ¢(2) (1/hp?) (7.6)
Steps
Step (0) Write down the h; and h,.

Step (1) As noted above, the first task is to solve (3.5) for the 5 functions f;,, g, and R

(ha/hy) = f1(1)g1(2) R?
(h1/hz) = £(2)g2(1) R? (3.5)

This task is pretty much just one of "inspection”" when the LHS's of (3.5) are inserted.
Step (2) Write down the two first-column cofactors from (5.8b)

M]_ =g1 /fz
Mz =gz /f1 (5.8b)

Step (3) If Problem A, Q = 1. Otherwise compute Q and k1% from (3.9),
Zne1? (1/[hn?faR]) G {fa(6aR)} =-k1%/Q(12) (3.9)

Step (4) Knowing Q, compute S from the Robertson condition,

S(®) = (hzhz) / (f1f2QR?) (5.7)
) L. .. _a(l) -gz/fl)
Step (5) We did this in Condition 2 above and found o = (0(2) o/ )

Step (6) Find the first column of the Stickel matrix by solving (7.6) or (5.9)
1/Q = a(1) (1/h1?) + ¢(2) (1/hz?) (7.6)
or

S = a(1) My + ¢(2) M2 (5.9)

Step (7) The only equivalence rule that survives for N = 2 is to add a multiple of the second column to
the first column.
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Example: Polar Coordinates (&1, &2) = (1,0)
Ste[z 0: hl =1 h2 = %1
Step (1) We know R =1 so get

(ha/hy) = f1(1)ga(2) R?

(h1/hz) = £5(2)g2(1) R? (3.5)
&1 =11(1)g1(2) => f1=& g1=1
1/861= 12(2)g2(1) => f2=1 g2=1/&;
Step (2) Write down the two first-column cofactors from (5.8b),
Mi=gi/f =1/1=1
M, =gy /fy =& Ve = 1/6,2 (5.8b)
Step(3) R=1=>Q =1
Step (4) Knowing Q, compute S from the Robertson condition
S(®) =[ (hihz)/ (f2f2)] (5.7)
S(®) =[&/&] =1
Step (5) From Condition 3 above we found @ = (28; -gglz /{fil ) , therefore @ = Gg; ) éil ” )
Step (6) We have to solve
S=a(l) M1 +¢(2) M2 (5.9
1=a(1) 1+c(2) 1/&2
This has a solution a(1) =1 and ¢(2) = 0 so that
o = (283 ) 5311 K ) = ((1) ) &; ” ) // Stiackel matrix for polar coordinates.
The separated equations are ( since simple-separation, 1% = K1 = the Helmholtz parameter )
LaXa = (1/f2)@a[fa(8aXn)] + [K1*@n1(n) + ka*@na(n) [Xn =0 (4.8)

(1/f1)01[f1(01X1)] + [K1?1 +ka*(-€17%) 1X1 =10
(1/£2)02[f2(02X2)] + [K1%0 + k2?1 X2 =0
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(1/81)01[1(01X1)] + [K1® — k2?/&1% X1 =0
(622)(2) + [ k22 ]X2 = 0

(1/1)0:[r(6:R)] + [K1? — k2*/r* IR =0 or - (R + k2% (R/r) - Ki%R =0
(0e°0) +[k2*10=0

r*R"+ R +[r* Ki®* — k2 JR=0 R=X; (14.1)
0" +[k*10=0 0 =X,

These agree with Moon and Spencer p 16 ("For ¢ independent of z") with K1% — «? and k2 — as.

To simplify notation a bit, we define

a?= K12= the Helmholtz parameter /] = -02
b? = k,? = the separation constant /] = -B*

We then rewrite the above pair of separated equations as

PR+ 1R + [ 1 a* ~b? R=0 or  -(RY+b*RN)- a*R =0 (14.2)
0" +b’0=0

This radial equation is a scaled Bessel equation with solution of the type Jp(ar). Consider now various

situations:
2 _
a“>0 a=real
a’<0 a = io = imaginary, o real

b*>0 b = real
b%<0 b = iff = imaginary, B real

With these symbols, one can write the separated solution in a variety of ways. Here are the possible
"atomic forms" (they cannot be called harmonics because they are Helmholtz solutions, not Laplace
solutions )

v ~ X1Xo ~[Jp(ar), Yp(ar)] [sin(bB),cos(bB)] a =real b =real (14.3a)
v~ X31Xo ~ [Ip(ar), Ky(ar)] [sin(b),cos(b6)] a =1imaginary b = real (14.3b)
v ~ X1Xz ~[Jig(ar), Yipg(ar)] [sinh(B0),cosh(0)] a =real b =imaginary (14.3c)
v ~ X1Xz ~[Iip(ar), Kig(ar)] [sinh(B0),cosh(6)] a=1imaginary b =imaginary (14.3d)
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Using Sturm-Liouville to solve a specific Helmholtz problem in polar coordinates

A prototype problem in 2D polar coordinates is to find the Helmholtz Green's Function for an infinite 2D
wedge-shaped region with vertex at the origin. If this is a normal "Dirichlet" Green's Function, then the
solution must vanish on both faces of the wedge, say 6=0 and 0=y, and the point source lies somewhere
inside the wedge at r',0". This then turns the ® equation above into a simple 1D Sturm Liouville problem
and we find that the separation constant called b? gets quantized to specific values by where b, = n/y, n
= 0,1,2... The complete set of eigenfunctions associated with this SL problem is { sin(b,0), n=1.2.3...}
and the "transform" associated with this Sturm Liouville problem is the Fourier Sine Series transform. If
we start off assuming that the Helmholtz parameter a® is negative, then we can try to find a solution using
atoms in (14.3b) where a = ia, and we try this "Smythian form",

g(r,0r',0") = Za21” Ca(r',0") sin(by0) Ip(or.) Kp(ars) r« =min(r,r')  r, = max(r,r")

where C,, is a coefficient to be determined. One can in fact solve for C, to obtain this result ( see Stakgold
vol 2 p 273 (7.174)),

g(r,0r,0") = a1 (2/y) sin(nb/y) sin(n0'/y) Ing/y(are) Kan/y(ars) . (14.4)

An interesting special case is also treated by Stakgold. If one lets the wedge angle increase all the way to
27, then the two wedge sides meet along the +x axis, and the problem is to find the Helmholtz Green's
Function where this half line x>0 is "grounded", meaning g=0. He further places the Green's unit point
source at location X = -ro on the x axis.

observation point

unit source rounded

The reader can extrude this picture out of the plane of paper to find a 3D problem solvable by 2D methods
in which there is an infinite line source lying off the edge of a grounded half plane. The solution to this
special case is of course just the above formula with y = 2z and 0' = &, so we get [ Stakgold vol 2 p 275
(7.183) ]

g(r,0[r,m) = Zno1” (1/m) sin(n6/2) sin(nm/2) In /2(ars) Kaya(ors) . (14.5)

Remember that o encodes the Helmholtz parameter according to a® = -K12 and for this problem we can
assume that K1% < 0 so a® > 0, at least for a start, then we can analytically continue in o as needed.

Stakgold then proceeds to do this same special case problem by instead treating the radial R equation as a
1D Sturm-Liouville problem in r on the interval (0,00). In this case, taking b = i and a = ia, we can use
atomic form (14.3d) to set things up. In this Sturm-Liouville problem, it turns out that the complete set of
eigenfunctions is { Kjp(ar), B = real values 0 to oo }. Looking at (14.3d) and looking at the symmetry of
the problem relative to 6 =, we are led to try the following Smythian form (this form is symmetric under
x axis reflection which takes 6 — 27-0 )
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e(r0iro.m) = [ " dB Kap(or) [Fa(B, ro) ch(Blo-) + Ga(B. ro) sh(B|6-m)]

where now Fy and G are the unknown coefficients. As in the previous case, we are just expanding on the
appropriate Sturm-Liouville basis functions, which for the r coordinate are Kjg(ar). It is then possible to
find these coefficients and express the answer to this problem as follows:

(rflrom) = (1) [ * dB Kap(kn) Kap(kro) sh(Bn) { th(Bm) ch(B(0-n)) - sh(B(O-x)} . (14.6)

As must be the case for any Green's Function (as we are using them), g must be symmetric under the
interchange r <»r ¢ and 6 < z. In this particular problem, g is symmetric under each of these swaps
separately. Notice how all our previous g's have been symmetric as well.

An interesting exercise is to show that (14.5) and (14.6) are in fact the same. This can be done by
rewriting (14.6) this way

g(t0ro.m) = - (i/2m) [ : dp Isp(kre) K- sp(krs) { th(Br) ch(B(|6-n]) - sh(B(|0-n]) § .

The contour can be closed up or down, and then as it is deformed, it picks up the pole residues of th(pm)
which are located where ch(Br) = 0 = cos(ifm), which are points on the imaginary B axis at i} = £n/2. This
sum of residues becomes the sum shown in (14.5).

The point is that in polar coordinates, where there is one separation constant b= -B2, it is possible to
do the 1D Sturm-Liouville analysis in either of the separated functions. The transform associated with the
complete set of functions just mentioned is known as the Kantorovich-Lebedev Transform. The functions
Kp(ar) are the usual modified Bessel functions (McDonald functions) but of imaginary order, and are in
fact real and oscillatory for real argument ar (see Appendix A).

We want to emphasize a key point. In our first solution of the "half plane problem", the spectrum of
p? was discrete, being ifn = by = nm/y with y =2x. In our second solution, the spectrum of this very same
separation constant % was continuous with B being the continuum of the positive real axis.

The reader interested in studying this problem should be advised there are 5 typos in this section of
Stakgold (1968) Volume 2 which we can just nail down right here :

p 273 middle of page should say "by Kiy(kr)and ", not "by r K;(kr) and"
bottom equation should contain sinh, not sin
p 275 the A+B equation should contain sinh, not sin

same for the following equation
the equation following that is wrong and should read

v =— { cosh[y(¢-m)] / [y sinh(2ym)]} Kiy(kro)

Only the first of these five errors is corrected in the 2000 SIAM edition of the book.
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The special case h; = h,
Step 0: Let hy? =hy? = R?
Step (1

(hz/hy) = f1(1)g1(2) R?
(h1/h) = f2(2)g2(1) R?

1 =f1(1)g(2) R?
1 = £5(2)g2(1) R?

An obvious solution is

f]_:l g]_:l R=1
f2:1 g2:1

Step (2) Write down the two first-column cofactors from (5.8b)

M]_:g]_/fz =1
Mzzgz/fl =1

Step3) R=1=>Q=1

Step (4) Knowing Q, compute S from the Robertson condition
S(®) = (hihy) / (f1f2) "Robertson condition"
S(@) =(h®)/ (1*1) = R*

Step (5) Find the rightmost column of the Stickel matrix,
d(2):g1/f2:1 b(l):-gg/fl =-1

so that
o = (a(l) b(1) ) B (a(l) -1 )

S \e2) d@2) /@) 1

Step (6) We have now to solve
S= a(l) M]_ + 0(2) M2

or
R*=a(1)+c(2)

This will only be possible if our 2D system is such that

(5.7
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R =R*(1) * R2(2)
in which case we have our final Stackel matrix
o _(a(l) b(1) ) _(3212 -1 )
") dQ2) ) T\ R2 1

Step (7) The only equivalence rule that survives for N = 2 is to add a multiple of the second column to
the first column.

Separated equations:

LoXa = (1/£2)0a[fa(0aXn)] + [ k12@a1(n) + k2 ®pa(n) 1Xn = 0 (4.8)

(1/1)01[f1(81X1)] + [ K12 ®Pa1(n) + k2 Dpz(n) X1 =0
(1/£2)02[f2(02X2)] + [ K1°®a1(n) + k> @pa(n) 1X2 =0

(1/1)81[1(01X1)] + [ k12R1% - k2%]X1=0
(1/1)81[1(01X1)] + [ k2®R2? +k2* 1X2 =0

(01°X1) + [k2°R1? - k3%]X1 =0
(02°X2) + [ k2R +k2? 1X2=0

Summary of 2D systems with hl = hz

Define R = hy% = h,2. Separability is only possible if one can write R3(12) = R1%(1) * R22(2). In this
case, we get simple-separation for the Helmholtz equation with this data

f1=1 gi=1 R=1 M;=1 S =®?
f2:1 g2:1 Q:1 M2:1

(% 1)
> ={g,2 1

(01°X1) + [k2°R1? - k*]X1 =0
(02°X2) + [ k12R2* +k2* 1X2=0
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Example : elliptical coordinates
In this system one has

h1? =hy? =R? = a%(ch?&; - cos?Ey)
SO

R1%(1) = a*ch?¢;

R2%(2) = -a*cos?E,

_( azchzél -1 ) N (azshzél -1 )
e = -alcos?E; 1 ~ \-a%sin®E, 1
(01°Xa) + [ k1% a%ch®e; - k’1X1=0
(02°X2) + [ - k1%a%cos®Ey + k? X2 =0

We added a? times the last column to the first to get an equivalent form of ®. The first form agrees with
Moon and Spencer p 20 ("For ¢ independent of z") with 1% — «* and k,? — 0. The solutions to these

equations are Mathieu functions.
Recall from Section 9 Example 1 the Stdckel matrix for elliptic cylinder coordinates

0 -1 -a%ch?(&) 0 a’ch®Ey) -1
o = [ 0 1 a%cos?(&) j ~ [O -afcos?(&y) 1 J
1 0 1 1 -1 0

where to get the second form we have swapped the last two columns and then negated the 2nd column. In
this special form, it happens that the upper right 2x2 matrix of ®3x3 is the same as our first @y, matrix,
but it is pretty clear than one cannot just take any form of ®3x3 and assume this will be the case!

86



Appendix A. Review of 1D Sturm-Liouville Theory; the Kantorovich-Lebedev transform
The requirements of a 1D Sturm-Liouville problem are these: [ Stakgold vol 1 p 268 +p 295 ]
(1) L is a self-adjoint differential operator of the form Lu = (pu')'+q.

(2) £ acts on L?-normalizable (possibly complex) functions on some interval (a,b). L? is a Hilbert Space

b
of such normalizable functions with scalar product (physics convention) <f,g> = f dx *(x)g(x).
a

(3) The eigenvalue problem is Loy = s(x)Aga where s(x) is some weight function. The functions p,q,s are
all real and "reasonable" (C;), and p and s must be non-negative on (a,b). At each end of the interval we
have an unmixed boundary condition such as A@y(a) + Bea'(a) = 0, where A and B are real. If either of
the endpoints is "singular", such as b= or p(b) = 0, the boundary condition for that endpoint is replaced
by a requirement that ¢ be finite at that endpoint. This can happen in two ways called "limit circle" and
"limit point" as discussed by Stakgold.

The eigenfunctions of such a problem form a complete set: the @, span the infinite dimensional Hilbert
Space of L? of functions on (a,b) which meet the boundary conditions. The spectrum of eigenvalues of A

can in general be "mixed", consisting of a point spectrum and a continuous spectrum, both on the positive
real axis in the X plane, though in practice one usually has either discrete or continuous. We will assume
the general mixed case, so we shall write the eigenvalue problem on two lines

Loy (x) =4 s(X) oa () // spectrum A, = continuous range of real values (A.1)
Loypi (X) = Ay s(X) 0a1(X) // spectrum An; = discrete set of real values i =1,2,3....

The statements of completeness and orthonormality of the eigenfunctions are these

25 eai*(X)eai(§) + fdk ea(x)* ea(§) = d(x-§)/s(x) /I completeness (A.2)

<Qa1,50r5> = 01, §
<Qa,S0n+> = O(A-L)
<Qp,SPan> =0 // orthogonality (A.3)

where one should take note of the weight function s(x) in all equations.
Such relations immediately imply the existence of a "transform" which we write as

b

Fas = L 4x S0 @as*(x) f(x)
b

Fa = .[ dx s(x) ea*(x) f(x) // projections (A4)
a

f(x) = Zi Fas gai(x) + f dA Fx oa(x) // expansion (A.5)
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where we ignore issues of convergence of sums and integrals and assume f(x) is suitable such that its
projections exist, and that the expansion converges. The above transform can easily be "verified" by
inserting either line into the other and using the completeness and orthogonality given above.

The reader is reminded that every Sturm-Liouville problem is associated with its own private
transform, though frequently occurring transforms have people's names attached to them such as Fourier
Sine Series Transform, Fourier Integral Transform, Mellin Transform, Hankel Transform, and so on.

Having been explicit with the mixed spectrum, we now adopt a more compact notation where the
reader understands that the spectrum can be discrete, continuous, or mixed:

b
Fai = f dx s(x) pai*(x) f(x) // projection
a
f(x) = 2aiFai ¢ai(x) // expansion
Here the A; in the projection includes discrete and continuous, and the notation X; implies a sum on the

discrete part plus an integral on the continuous part. If we knew there was only a continuous spectrum, we
might write this as

F(h) = f b dx s(x) Pa*(x) f(x) // projection

flx) = Idk F) oa(x) // expansion

but we shall retain the Fy; notation. The Fy; are sometimes called "the coefficients", or "the transform".
Basically the variable x of f(x) is traded out for the variable A; of Fyji, just as in a spatial Fourier
transform the variable x is traded out for A = k*. One must be a little careful with the distinction between
A and a convenient variable used to label A, in this case k. For example, dA = 2kdk.

In the same vein, we can compact down our completeness and orthogonality this way

i e (X)Pai(8) = 6(x-8)/s(x) // completeness

b
f dx s(x) Pa1*(X) Pas'(X) = Oaz, i // orthogonality
a

The notations X3 and 0p3,ai+ are just shorthands for the fuller equations. We can gather up the above
results and summarize the 1D Sturm Liouville situation as follows:

Loai (X) =i 8(x) 0ai(X) // eigenvalue problem (with BC's) on (a,b)
Zai Pai*(X)Pai(E) = 6(x-E)/s(x) // completeness
b
f dx s(X) @ai*(x) Pa1'(X) = Oaz, a1 /I orthogonality
a
b
Fas = f dx s(x) Pai*(x) f(x) // transform projection
a
f(x) =  ZaiFai ¢ai(x) // transform expansion (A.6)

88



We should mention that there is a standard technique used to find the eigenfunctions @). One first solves
this Green's Function problem,

[£x - As(x)] g(x[&; A) = 8(x-E) (A7)

using the usual method of finding a boundary-condition-matching homogeneous solution to the left and to
the right of x = &, and then matching the jump condition in the first derivative at x = &.

g(xI€; 1) = A(M) urese(X<) Uright(X5) Ag'|x=§ =-1/p .

Once this g(x|&; A) is found, one can deduce the normalized eigenfunctions by matching the two sides of
this equation, where C is a counterclockwise great circle contour in the A plane,

- (1/270) [ ¢ L g(x[ED) = Tan 0ra*(I0aa(®) + | dh a0 0a©) (A.8)

If g(x|&;A) has a branch cut along the real axis, the contour wraps this cut and one obtains a real integral of
the discontinuity of g across the cut, and that becomes the second term on the RHS. Again, care is needed
to distinguish the use of A on the LHS as a complex contour integral variable, and on the RHS as the
variable of a real axis integration. Poles in g(x|&;A) give rise to the first term on the RHS. We would be
remiss to omit the following standard expansion for g(x|&;A),

(D) = Z5 0as (0 @as(®) (a-h) + [ AN @a(0* oar(@/(N-1)] (A.9)

In the second term it is the "continuum of poles" that creates the branch cut whose discontinuity is then
picked up as the second term in (A.8).

As an example, here is the Sturm Liouville data for equation (14.2) on the interval (0,00). This is the radial
equation for separated polar coordinates. We used this data slightly in the discussion leading to (14.6) and
it is the basis of the derivation of (14.6), which is somewhat involved. The spectrum in this case is purely
continuous and eigenvalue A= B2 spans the entire positive real axis of the A plane.

-(xu) + o®xu-p2xtu=0 or Lu=p3k"'u where L =-(xu) + a’xu

or Lyu=0 where Ly =L - p2x 7" r=p* s(x)=x7!
ep(x) = (1/m) \/sh(nB) Kip(ox) // eigenfunctions
(2/m%) fooo dp B sh(nP) Kip(ax) Kip(ax') =x 8(x-x") // completeness
) 0°° dx x™? Kyp(ax) Kip(ax) = 3(B-B) n%/[2Bsh(nB)] // orthogonality
Fo(B) = JIOOO dx x* f(x) Kip(ax) // projection (KL)
f(x) = (2/n%) f(:o dB B sh(nf) Ksp(ax) Fa(B) // expansion (KL) (A.10)
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As noted earlier, for this particular operator L, the transform is called the Kantorovich-Lebedev transform
(see e.g. Stakgold vol 1 p 317 4.30). It is always possible to write the halves of a transform some other
way by replacing f(x) = jobob(x) F(x).

The entire discussion of this Appendix can be generalized such that the transform projections are onto
eigenfunctions of multiple operators, which functions are the unitary irreducible representation functions
of a continuous group. The spherical harmonics are a well known example associated with the rotation
group SO(3).
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